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Abstract. Differentmethodsfor pre�ltered environmentmapshave beenpro-
posed,eachof which hasdifferentadvantagesanddisadvantages.We presenta
generalnotationfor pre�ltered environmentmaps,whichwill beusedto classify
andcomparethe existing methods.Basedon that knowledgewe develop three
new algorithms: 1. A fasthierarchicalpre�ltering methodthat can be utilized
for all previously proposedpre�ltered environmentmaps. 2. A techniquefor
hardware-acceleratedpre�ltering of environmentmapsthat achievesinteractive
ratesevenon low-endworkstations.3. Anisotropicenvironmentmapsusingthe
Banksmodel.

1 Intr oduction

Environmentmaps[3] area widely usedtechniqueto approximatere�ections in inter-
active rendering.Althoughenvironmentmapsmake theassumptionthat the re�ected
environmentis far away — thus being an approximation— they often nevertheless
achieveconvincingre�ections.

Recentlyenvironmentmapshave beenintroducedasa meansto renderglossyre-
�ections [5, 7, 8, 9, 11]. All of thesemethodspre�lter a givenenvironmentmapwith
eithera �x ed re�ection model[7, 8, 9] or a certainclassof BRDFs(bidirectionalre-
�ectancedistribution functions)[5, 11]. Althoughthesemethodsaresimilar, they have
differentstrengthsandweaknesses,which areworthwhile to discuss. In order to be
able to comparethesemethodswe presenta generalnotationof pre�ltered environ-
ment maps,which allows us to classify and contrastall the well-known pre�ltering
techniques.

Basedontheinsightswehavegainedfrom thiscomparisonwehavedevelopedthree
new techniques:

1. A generalfasthierarchicalpre�ltering methodthat canbe usedto computeall
known typesof pre�ltered environmentmaps,and which is much fasterthan
bruteforcepre�ltering.

2. A hardware-acceleratedpre�ltering methodthatpre�lters environmentmapsat
interactiveratesevenonlow-endworkstations.It worksfor all re�ectancemodels
that translateto constantand radially symmetric�lter kernels(like the Phong
model[18] or approximationswith thesaidproperties[11]).

3. An anisotropicenvironmentmap. We use the Banksmodel [1] to createan
anisotropicpre�ltered environmentmap.



After a brief discussionof relatedwork, we introduceour generalnotationof pre-
�ltered environmentmapsandclassifythepreviouslyproposedpre�lteredenvironment
maptechniqueswith regardto thatgeneralnotationin Section4. This leadsto ournew
environmentmapalgorithmspresentedin Section5. Section6 concludesthepaperwith
adiscussionof thenew techniques.

2 RelatedWork

The environmentmapstechniqueto producemirror-like re�ections on curvedobjects
was�rst introducedby Blinn andNewell [3]. This is thebasisonwhich mostenviron-
mentmapmethods— includingours— arebasedon [5, 7, 8, 9, 11]. We will discuss
thesetechniquesin greatdetail in Section4.

Sinceenvironmentmapsarede�nedoverthesphere,awayhasto befoundto repre-
sentthemin two dimensionaltextures.A commonlyusedformatin softwarerenderers
are cubemaps,which now also start becomingsupportedby graphicshardware. A
sphericalparameterization,which is directly supportedby OpenGL,was introduced
by Blinn and Newell [3]. Heidrich and Seidel [10] proposeddual paraboloidmap-
ping which usestwo texturemaps,onefor thefront facinghemisphereandonefor the
backfacing.This parameterizationis now alsosupportedby a varietyof newer graphic
boards.

Other techniqueshave beenproposedfor the interactive renderingof glossyre-
�ections, which arenot basedon environmentmaps.DiefenbachandBadler[6] used
multi-passmethods(Monte Carlo integration) to generateglossyre�ections. Photon
mapswereusedby StürzlingerandBastos[20]; photonswere“splatted”andweighted
with anarbitraryBRDF. Miller etal. [15] storedprecomputedglossyre�ectionsin sur-
facelight �elds. Bastoset al. [2] useda convolution �lter in screen-spaceto produce
glossyre�ections.LischinskiandRappoport[13] useda largecollectionof low resolu-
tion layereddepthimagesto storeview-dependentillumination.

3 GeneralPre�lter ed Envir onment Maps

Generallyspeaking,pre�ltered environmentmapscaptureall there�ectedexitant radi-
ancetowardsall directions~v from a �x edpositionx:

L glossy(x;~v; ~n; ~t) =
Z



f r (~! (~v; ~n; ~t); ~! (~l; ~n; ~t))L i (x;~l) < ~n;~l > d~l; (1)

where~v is theviewing directionand~l is thelight directionin world-space,f ~n;~t; ~n � ~tg
is thelocal coordinateframeof there�ectivesurface,~! (~v; ~n; ~t) representstheviewing
directionand~! (~l ; ~n; ~t) thelight directionrelativeto thatframe,f r is theBRDF, whichis
usuallyparameterizedvia alocalviewing andlight direction.A pre�lteredenvironment
map storesthe radianceof light re�ected towardsthe viewing direction~v, which is
computedby weightingthe incominglight L i from all directions~l with theBRDF f r .
Note, that L i can be viewed as the un�ltered original environmentmap. This map
shouldusehigh-dynamicrangeradiancevaluesto be physicallycorrect. As you can
see,in thegeneralcasewe have a dependenceon theviewing directionaswell ason
theorientationof there�ectivesurface,i.e. thelocal coordinateframef ~n; ~t; ~n � ~tg.

This generalkind of environmentmap is � ve dimensional. Two dimensionsare
neededto representthe viewing direction~v (a unit vector in world coordinates)and



threedimensionsarenecessaryto representthecoordinateframef ~n; ~t; ~n � ~tg; e.g.three
anglescanbeusedto specifytheorientationof anarbitrarycoordinateframe.

Thepre�lteredenvironmentmapswhichwewill examineusuallydropsomedepen-
dencies(e.g.on thetangent~t) andareoftenreparameterized(e.g.indexing is not done
with theviewing direction~v, but there�ectedviewing direction).

4 Classi�cation of Known Techniques

In thissectionwewill classifydiffuseenvironmentmaps[14], Phongenvironmentmaps
[9, 14], andenvironmentmapspre�ltered with isotropicBRDFs[5, 11]. Notethatwe
will de�ne theBRDFsusingglobalviewing andlight directions.

Diffuse Envir onment Maps. Miller [14] hasproposedto usea purelydiffuseBRDF
to pre�lter environmentmaps.A diffuseBRDFcanbewrittenas:

f r (~v;~l) := kd;

wherekd 2 [0; 1] describestheabsorptionof thesurface.Moving this into Equation1,
weget:

L diffuse(x;~v; ~n; ~t) =
Z



kdL i (x;~l) < ~n;~l > d~l :

We candropall dependenciesexcepttheoneon thenormal~n andwegetthefollowing
two dimensionalenvironmentmap:

L diffuse(x; ~n) = kd

Z



L i (x;~l) < ~n;~l > d~l:

This environmentmapaccuratelystoresthediffuseilluminationat thepoint x. It is
only two-dimensionalandit is indexedby thesurfacenormal.

Phong Envir onment Maps. Heidrich [9] and Miller [14] usedthe original Phong
model[18] to pre�lter environmentmaps.ThePhongBRDFis givenby:

f r (~v;~l) := ks
< ~r v (~n);~l > N

< ~n;~l >
;

where~r v (~n) = 2(~n � ~v)~n � ~v is the re�ected viewing-directionin world-space.The
parametersks andN areusedto controltheshapeandsizeof thelobe.UsingthePhong
model,theEquation1 becomes

L phong(x;~v; ~n;~t) =
Z



ks

< ~r v (~n);~l > N

< ~n;~l >
L i (x;~l) < ~n;~l > d~l

= ks

Z



< ~r v (~n);~l > N L i (x;~l ) d~l:



Obviously the tangent~t is not usedandcanbediscarded.Insteadof indexing theen-
vironmentmapwith ~v and~n, it canbereparameterizedsothatit is directly indexedby
there�ection vector~r v :

L phong(x;~r v ) = ks

Z



< ~r v ;~l > N L i (x;~l) d~l :

Although thePhongmodelis not physicallybased,the re�ections make a surface
look metallic,only atglancinganglesoneexpectssharperre�ections.This indexingvia
the re�ection vector~r v is the oneusedto accessenvironmentmapswithout pre�lter-
ing andis thereforesupportedin OpenGLvia the spherical,parabolicandcubemap
parameterizations.

Miller [14] andHeidrich [9] proposedto usea weightedsumof a diffuseanda
Phongenvironmentmapto get a completeillumination model. They alsoproposeto
adda Fresneltermsothattheratio betweenthediffuseandglossyre�ectionscanvary
with differentviewing angles:

L o(~r v ; ~n) = Fd(< ~r v ; ~n > )L diffuse+ Fp(< ~r v ; ~n > )L phong (2)

Thiswaya wider rangeof materialscanbecreated.

Envir onment Maps with Isotropic BRDFs – I. Kautz andMcCool [11] extended
thePhongenvironmentmapsideato otherisotropicBRDFsby approximatingit with a
specialclassof BRDFs:

f r (~v;~l) := p(< ~n; ~r v (~n) >; < ~r v (~n);~l > );

wherep is anapproximationto agivenisotropicBRDF, which is notonly isotropic,but
alsoradially symmetricabout~r v (~n) = 2(~n � ~v)~n � ~v, andthereforeonly dependson
two parameters.

Now considerEquation1 usingthis re�ectancefunction:

L isotropic(x;~v; ~n;~t) =
Z



p(< ~n; ~r v (~n) >; < ~r v (~n);~l > )L i (x;~l) < ~n;~l > d~l :

Thenthe authorsmake the assumptionthat the usedBRDF is fairly specular, i.e. the
BRDF is almostzeroeverywhere,exceptwhen~r v (~n) � ~l. Usingthis assumptionthey
reasonthat< ~n; ~r v (~n) > � < ~n;~l > . Now theequationcanbereparameterizedand
rewritten thefollowing way:

L isotropic(x;~r v ; < ~n;~r v > ) = < ~n; ~r v >
Z



p(< ~n; ~r v >; < ~r v ;~l > )L i (x;~l) d~l ;

which is only threedimensional.They alsoproposedto usethefollowing approxima-
tion to a givenisotropicBRDF:

f r (~v;~l) := F (< ~n;~r v (~n) > )p(< ~r v (~n);~l > ):

ThisapproximatesaBRDFwith aconstantlobe(de�nedby p) thatis scaledby afactor
whichdependsontheanglebetween~n and~r v (~n). An environmentmappre�lteredwith
this modelis only two dimensional:

L isotropic(x;~r v ; < ~n; ~r v > ) = < ~n; ~r v > F (< ~n; ~r v > )
Z



p(< ~r v ;~l > )L i (x;~l) d~l:



It is two dimensionalonly, becausethedependenceon< ~n; ~r v > canbemovedoutside
theintegral. It is suf�cient to multiply thetwo factorsontothepre�ltered environment
mapduringrendering.

This techniquehasthe big advantagethat it can useapproximationsof arbitrary
isotropicBRDFsandachievesinteractive framerates.Off-specularpeakscanalsobe
incorporatedinto this technique.An additionalFresnelfactorlike Miller [14] andHei-
drich[9] proposedis notneededbecauserealphysicallybasedBRDFscanbeused.The
2D approximationis directly equivalentto Phongpre�ltered environmentmapswith a
separateFresnelfactor, but a moregenerallyshapedlobe is usedandthe Fresnelfac-
tor wascomputedfrom a real BRDF. In contrastto that, the 3D approximationdoes
notcomputeaseparateFresnelfactor, insteadit is incorporatedinto theapproximation,
whichallows to vary theshapeof thelobenotonly with a scalefactor.

Dependingon theBRDF, thequality of theapproximationvaries.For higherqual-
ity approximationsKautzandMcCool alsoproposeto usea multilobeapproximation,
whichbasicallyresultsin severalpre�lteredenvironmentmapswhichhaveto beadded.

For instance,if a BRDF is to be used,which is basedon several separatesurface
phenomena(e.g.hasretro-re�ections,diffusere�ections, andglossyre�ections) each
parthasto beapproximatedseparately, sinceno radially symmetricapproximationcan
be found for the whole BRDF. This againcorrespondsto the techniqueby Miller or
Heidrich,just thatit is basedona realBRDF, seeEquation2.

Envir onment Maps with Isotropic BRDFs – II. Cabralet al. [5] usea similar tech-
nique,which alsoassumesan isotropicandradially symmetricBRDF. They pre�lter
anenvironmentmapfor different�x edviewing directions,resultingin view-dependent
environmentmaps. In contrastto the previous approach,they actuallyusea four di-
mensionalenvironmentmap:

L isotropic2(x;~v; ~n) =
Z



p(< ~n; ~r v >; < ~r v ;~l > )L i (x;~l ) < ~n;~l > d~l

This four dimensionalenvironmentmapis sparselysampledin ~v. A two dimensional
sphericalmap is extractedfrom this four dimensionalmapfor every new viewpoint.
Thismapcorrespondsto onespeci�c viewing directionandis generatedusingwarping.
This new view-dependentenvironmentmapis thenappliedto anobject. Thewarping
compensatesfor theundersampledviewing directions,andnovisibleartefactsoccur.

This methodcanalsouseapproximationsof arbitrary isotropicBRDFs. Using a
sparsefour dimensionalenvironmentmap makes it unnecessaryto approximatethe
factor< ~n;~l > . Thenecessarywarpingrequireshigh-endgraphicshardwareto achieve
interactive framerates.

Warpingis donebasedonanassumptionwhatthecentralre�ection directionof the
BRDF is (there�ected viewing directionandthesurfacenormalarementioned).This
assumptionfails for BRDFsthathaveoff-specularre�ections.

Sinceradially symmetricBRDFs are used,this methodhasthe samedif�culties
with complex BRDFsasthepreviousmethod.Differentcontributionswhich addto a
BRDF have to bedecomposedinto their components(e.g.diffusecontribution,glossy
contribution,...), otherwisethis techniquefails (just like thepreviousone).

As mentionedbefore the generatedtwo dimensionalenvironmentmap is view-
dependent,sothere�ective objectneedsto beviewedwith anorthographicprojection
or otherwisethe re�ections areincorrect,sincethe re�ection directionsarecomputed
basedonanin�nite viewer.



5 NewAlgorithms

5.1 FastHierar chical Pre�ltering

All themethodswe discussedin Section4 needa way to pre�lter environmentmaps.
Bruteforcemethodsareeffectivebut prohibitively slow. Weproposeafasthierarchical
method,whichcanbeusedto �lter all typesof pre�lteredenvironmentmaptechniques.

source environment map

filter kernel

environment map
dual paraboloid

source environment on spheretarget environment map

pixel to be computed

apply filter

Fig. 1. Filtering of an environmentmap. A pixel in the target environmentmapis computed
by applyinga �lter to the sourceenvironmentmap. Both areusuallygiven in a representation
like thedualparaboloidmap.The�lter which is de�ned on thespherehasto beprojectedto the
environmentmapspace.

Pre�ltering of environmentmapscanbeseenastheapplicationof aspacevariant�l-
ter. Everypixel (p1; p2; : : : ) in the(possiblymorethantwo dimensional)targetenviron-
mentmapE(x; p1; p2; : : : ) — i.e. theonethatwe arecreating— is a weightedsumof
all thepixelsof thegivenspecularenvironmentmapL i (x;~l); seeFigure1. Thisweight-
ing is givenby thetwo-dimensionalFilter F (p1; p2; : : : ) := f r (p1; p2; : : : ;~l) < ~n;~l > .
Note,thatthesupportof the�lter F is usuallyover thehemisphere,unlike in Figure1,
wherewe useda smaller�lter sizefor demonstrationpurposes.

The �lter F is space-variantbecauseit usuallyvariesfor every pixel in the target
environmentmapfor two possiblereasons.First, the �lter is alreadyspace-varianton
the sphere,i.e. for different (p1; p2; : : : ) we get a differently shaped�lter . Second,
any mappingof thesphereto a rectangulartexturedomainmapsa �lter that is space-
invariantoverthesphereto aspace-variant�lter in theenvironmentmaprepresentation.

Pre�ltering is oftendonewith a bruteforcetechnique.For everypixel in thetarget
environmentmap,the �lter is appliedto every singlepixel in thesourceenvironment
map. This makesthe pre�ltering processvery slow, sincee.g.even for a two dimen-
sionaltarget environmentmap(width � height)2 pixels have to be touchedandthe
samenumberof BRDF evaluationshasto beperformed.

Sincethe �lter kernel is basicallya two dimensionalslice of a re�ection model,
which is usuallya smoothfunction,we canusea hierarchicalmethodinstead.

Our hierarchicalpre�ltering method�rst generatesa mip-mapof thesourceenvi-
ronmentmapusinga 2 � 2 box �lter . Thecorrespondingtwo-dimensional�lter kernel
is generatedfor every targetpixel anda mip-mapis built alsousinga 2 � 2 box �lter
(it is actuallynot necessaryto computethe full mip-map,seenext paragraph).The
computationof onetargetpixel worksasfollows. Both, the�lter andtheenvironment



Mip-mapped filter
(dual paraboloid).

Mip-mapped environment
map (dual paraboloid).

*

Level 0

Level 2

Level 1 *

Mip-mapped filter
(upper paraboloid).

Mip-mapped env. map
(upper paraboloid).

Fig. 2. Hierarchical�ltering of anenvironmentmap. The left sideshows themip-mapsfor the
�lter andfor theenvironmentmap.Theright sideshows how thehierarchical�ltering works(for
onetargetpixel). For every valuein a mip-maplevel of the�lter (doneseparatelyfor theupper
andlower paraboloid),thedifferenceto the four valuesin thenext higherlevel is checked. If it
is below somethresholdthevalueis usedandmultiplied with thecorrespondingvaluefrom the
environmentmip-map. All thesecontributionsareaddedup andresult in a singlevaluefor the
targetpixel.

maparesampledandmip-mappedin environmentmapspace;seeleft sideof Figure2.
Insteadof directly applying the �lter kernel to the sourceenvironmentmap,we �rst
checkif it is suf�cient to applythecoarsestlevel of the�lter kernel(i.e.onesample)to
thecoarsestlevel of thesourceenvironmentmap(alsoonesample).We do this check
by computingthedifferencesto thefour correspondingvaluesin thenext highermip-
maplevel. If this differenceis greaterthansomethresholdvalue,we go to the next
�ner level in themip-maphierarchyandcheckfor eachof thefour �ner -grainedparts
of themip-mapped�lter kernel(eachis onesample)whetherthedifferenceto thenext
highermip-maplevel is aboveor below thethreshold.If it is abovewe go againto the
next �ner level. If notwe applythatpartof themip-mapped�lter to thecorresponding
valuefrom themip-mappedenvironmentmapandaddit to our targetpixel value;see
right sideof Figure2. We do this until all partsof the �lter have beenappliedto the
environmentmap.

Themainspeedup is dueto thefactthatthe�lter is usuallyverysmoothandfades
out quickly from its peak(BRDFs tend to have a slim lobe). Furthermoreit is not
necessaryto computethe�nest mip-maplevel(s)of the�lter , sinceit is hardlyused.If
it is needed,it caneitherbeevaluatedon the �y or interpolatedfrom thenext coarser
level.

In Figure 2 you can seean example for this algorithm. We have useda dual
paraboloidenvironmentmap, which usestwo faces,one for the front-facingpart of
theenvironmentmapandonefor theback-facingpart.

The right sideof Figure2 shows two stepsin the �ltering process(for the upper
paraboloid).The differencesbetweenthepixel in level 0 andthepixels in level 1 are
too big, sowe cannotmultiply thepixel of level 0 with thecorrespondingpixel of the
environmentmip-mapandusethatvalue,but wehaveto go to thenext level. In level 1
we computethe differencesfor all four pixels to the pixels from level 2 and�nd out
thatthedifferencesfor thetwo whitepixelsto next level arebelow thegiventhreshold,
sowe canmultiply themwith thecorrespondingpixelsfrom theenvironmentmip-map
andwegetthecontributionfor thatregionof theenvironmentmap.For theotherpixels
wehave to go thenext �ner levelsof the�lter mip-map.

It shouldbenotedthatthis algorithmis biased,sincea givensampleis useddeter-
minewhatit will beusedfor [12]. For theapplicationof pre�ltering environmentmaps
theintroducedbiasis not crucialthough.



Results. We have validatedour algorithmwith thePhongmodel[18] usingdifferent
exponents. Filtering a parabolicenvironmentmapwith 128 � 256 pixels yields the
following results(PentiumII with 350Mhz):

exponent bruteforce hierarchical speedup
10 413 98 4.2
50 442 83 5.3

100 474 61 7.7
250 545 55 9.9
500 552 39 14.1

The tableshows the timings in secondsfor the bruteforce methodandour new hier-
archicalmethod. We useda threshold(differencein BRDF values)of 0:001 for the
hierarchicalmethod,which yields the samevisual quality asthe bruteforce method,
seeFigure4 (colorplates).

We have alsotesteddifferentsizesof environmentmaps.Theresultsindicatethat
thebruteforcemethodhaslinearcomplexity in thenumberof touchedpixels,whereas
ourhierarchicalmethodis sublinear.

5.2 HardwareacceleratedPre�ltering

For interactiveapplicationsit wouldbeinterestingif environmentmappre�ltering could
bedoneon the�y , for exampleusinggraphicshardware. This meansthat if thescene
changes,glossyre�ectionschangeaccordingly. In thispaper, wewill only dealwith the
accelerated�ltering of a givenenvironmentmap. It hasbeenshown in [19] thatenvi-
ronmentmapscanbegeneratedonthe�y . Livevideocapturingof anenvironmentmap
is alsoconceivable. For exampletheOmnicam[16] directly capturesanenvironment
asparabolicmap.

As seenin the previous section,environmentmappre�ltering alwaysusesa two
dimensional�lter kernel,which is shift-variantin general,but dependson the repre-
sentationof the environmentmap. The OpenGLimagingsubsetonly supportsshift-
invarianttwo dimensional�lters of certainsizes[17]. Hence,for hardwareaccelerated
pre�ltering wehaveto chooseanenvironmentmaptechniquethatusesonly two dimen-
sionalenvironmentmapswith a BRDF which resultsin a shift-invariant�lter over the
hemisphere,andanenvironmentmaprepresentationthatkeepsthe�lter shift-invariant.

ThePhongmodelhasashift-invariant�lter kerneloverthehemisphere,sinceits co-
sinelobeis constantfor all re�ectedviewing directions~r v . It is alsoradiallysymmetric
about~r v . The�lter sizecanalsobedecreasedif smallerBRDF valuesareclampedto
zero(will be necessarydueto therestricted�lter sizeof thegraphicshardware). The
�lter shapeis obviously circular, sinceit is radially symmetric.ThereforePhongenvi-
ronmentmapsful�ll thenecessaryrequirementsfor hardwareacceleratedpre�ltering.
We still needto �nd an environmentmaprepresentationthat mapsthe shift-invariant
circular �lter kernel from the hemisphereto a shift-invariantcircular �lter kernel in
texturespace.

It turnsout thatthedualparaboloidmappingproposedby HeidrichandSeidel[10]
comescloseto this desiredproperty. A circular �lter kernelwhich is mappedfrom
the parabolicenvironmentmap back to the hemisphereis also (almost)circular. A
distortionoccursdependingon theradiusandthepositionof the�lter . To visualizethe
distortion,we projecta circular �lter kernelwith a radiusof r (r = 1 is half thewidth
of theparabolicmap)from theparabolicmapbackto thesphereandmeasuretheerror;
seeright sideof Figure3. We measurehow muchthedistancesfrom thecenterof the
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Fig. 3. Distortionof a circle whenprojectedfrom a paraboloidmapbackto thesphere.

projectedcircle to its borderdeviate from a constantradius. The maximumdeviation
is usedastheerror, shown on the left sideof thesame�gure. Thedistortiondepends
on the radiusof the �lter kernelandalsoon the distanced of the �lter' s centerfrom
theparabolicmap's center(i.e. thecenterof thefront- or backfacingparaboloid).The
distortiongoesup to 25%for largeradii, but in thesecasesthepre�ltered environment
mapwill beveryblurry, sothatthedistortionwill not leadto visibleerrors.For smaller
radii thedistortionremainsfairly smallandagainnovisibleartefactsoccur.

Althoughtheshapeof the�lter almostremainsthesamein theparabolicspace,the
radiusof the �lter kernelvarieswith the distanced. The ratio betweenthe smallest
�lter radiusand largest�lter radiusis about2. We will overcomethis problemby
generatingtwo pre�ltered environmentmaps,onewith thesmallest(yieldsmapS) and
onewith the largestnecessary�lter size(yieldsmapL). Thenwe blendbetweenboth
pre�ltered environmentmaps. The valuewith which we needto blendbetweenboth
mapsis differentfor differentpixels in theparabolicenvironmentmap,but it depends
only on thedistanced andis alwaysd2. For a pixel in thecenterof theparaboloidthis
meansthatweuse0%of mapL anda100%of mapS; for apixel with distanced = 0:5
to thecenterof theparabolicmap,weuse25%of mapL and75%of mapS, andsoon.

Algorithm. The actualalgorithmis fairly simple. First we createa mip-mapof the
parabolicenvironmentmap,thenweloadtheenvironmentmap(plusthemip-map)into
texturememory. Theuserhasto specifythePhongexponentto beusedandalimit when
BRDF valuesfrom thePhongmodelcanbeclampedto zero,which is usedto restrict
thekernelsizein the�rst place.Thenwe computethetwo necessary�lter radii, r s for
the small �lter andr l for the large �lter . If a kernelsizeis larger thenthe maximum
supportedOpenGLkernelsize,wescaletheenvironmentmapandthe�lter by 0:5 until
it is within thesupportedkernelsize.Now we getto theactual�ltering part:

1. Setthecamerato an orthographicprojection(so that we candraw the environ-
mentmapseenfrom thetop).

2. Draw alphatexturewith d2 to alphachannel
3. For bothradii r s andr l :
4. Whiler s (resp.r l ) < hardwaresupported�lter size:
5. Divide r s (resp.r l ) by 2. Doubletheshrinkfactor.
6. Draw environmentmapshrunkby theshrinkfactor(usesmip-mapping).
7. SamplePhongmodelinto the�lter .
8. Filter theenvironmentmapwith it (OpenGLconvolution).



9. Storeit againastexturemap(RGB� texture).
10. Draw environmentmapS.
11. BlendenvironmentmapL with it (usingd2).
12. Storeagainasa texturemap.
13. Setup realcamera.
14. Draw re�ectiveobjectwith generatedenvironmentmap.

One problemariseswhen the centerof the �lter kernel is closeto the borderof
the environmentmap. Part of the �lter kernelwill be outsidethe actualenvironment
map,thusincludingvaluesfrom outsidetheenvironmentmap. This canbesolvedby
includinga largeborderin theenvironmentmap.

It shouldalso be mentioned,that the graphicshardware clampsall numbersto
the [0; 1] range,and thereforethe original environmentmap cannothave a high dy-
namicrange.

Results. We have testedour algorithm on an SGI O2 whereit achieves interactive
rates.All thetestsweredonewith parabolicenvironmentmapswith 512� 1024pixels.
Theborderwas64 pixels in eachdirection(for eachface).Themaximumkernelsize
we usedwas7 (largerkernelsizesconsiderablydegradethe convolution speedon an
O2). We measuredthefollowing timings(re�ectivesphere,2592triangles):

exponent �lter size shrinkfactor fps2-pass fps1-pass
small large small large

10 174 260 32 64 25 33
50 78 136 16 32 20 33

100 56 100 8 16 16 25
250 36 66 8 16 16 25
500 26 48 4 8 9 11

Pleasenotethat�ltering wasperformedfor everyframe,eventhoughthePhongex-
ponentdid notchange.We have includedtimingsfor thetwo-passconvolution(i.e. us-
ing thesmallandthe large�lter) andfor a one-passconvolution (usingonly thesmall
�lter). Furthermorewe have includedthe �lter sizesin pixels that would have been
required(theBRDF clampvaluewassetto 0.1) andthenecessaryshrinkfactorto get
�lter sizeswithin a maximumsizeof 7 pixels. You canseethatfor smallPhongexpo-
nentshardwarepre�ltering isveryinteractive.For largerPhongexponentstherendering
speedis slower, because�ltering cannotbedonewith a shrunkenvironmentmap. For
a visualcomparisonpleaseseeFigure4 (color plates).You canseethat thehardware
methodgeneratesdarkborders,whichdoesnotposeaproblemsincethesearenotused
for rendering.Figure5 showsrenderingswith differentenvironmentmapsanddifferent
Phongexponents;they all run at interactiverates.

It shouldbe mentionedthat the two dimensionalapproximationto an isotropic
BRDF proposedby KautzandMcCool [11] canalsobe used,sinceit alsoful�lls the
necessaryrequirements(seebeginningof this section).Hencetheir approximationcan
beusedto pre�lter environmentmapswith arbitraryisotropicBRDFsin real-time.

5.3 Anisotropic Envir onmentMaps

So far, therehasnot beenan environmentmaptechniquethat canalsobe appliedto
anisotropicBRDF models.Generally, ananisotropicBRDF dependsonmany parame-
ters,which thenresultsin a � vedimensionalenvironmentmap,seeSection4.



We needto look for a modelwhich allows to createa lower dimensionalenviron-
mentmap. TheBanksmodel[1], which is simpleanddependsonly on dot products,
yieldsa threedimensionalenvironmentmapif self shadowing is excluded.TheBRDF
is givenby:

f r (~v;~l) :=
� q

1� < ~l;~t > 2

q
1� < ~v;~t > 2� < ~l ;~t >< ~v;~t > � s

�
1

(1 � s)2 ;

wherewe have extendedthe original Banksmodelwith a new parameters 2 [0; 1),
whichallows to havesharperhighlights.Theenvironmentmapequationbecomes:

L banks(x;~v; ~n; ~t) =
Z




� q
1� < ~l ;~t > 2

q
1� < ~v;~t > 2� < ~l;~t >< ~v;~t > � s

�

1
(1 � s)2 L i (x;~l) < ~n;~l > d~l :

To decreasethedimensionalityof thisenvironmentmap,wediscardtheself-shadowing
term < ~n;~l > , andthenreparameterizationgivesus the following threedimensional
environmentmap:

L banks(x;~t; < ~v;~t > ) =
Z




� q
1� < ~l ;~t > 2

q
1� < ~v;~t > 2� < ~l;~t >< ~v;~t > � s

�

1
(1 � s)2 L i (x;~l) d~l :

Now we have ananisotropicpre�ltered environmentmap. In orderto renderanobject
usingthis environmentmap it is necessaryto computethe 3D texture coordinatesat
everyvertex byhand,i.e.thetwo coordinatesof theunit vector~t andthethirdcoordinate
correspondingto < ~v;~t > . This anisotropicenvironmentmapcanthenbe rendered
at interactive ratesif the hardwaresupportsthreedimensionaltexturing. In Figure6
we show a teapotwith an anisotropicmaterial,which wasdonewith an anisotropic
pre�ltered environment.

Sincethe self-shadowing term is omitted, an objectusing this environmentmap
doesre�ect light from behindit. This is usuallynot noticeableunlessa bright light
sourceshines“through”.

6 Conclusions

We have proposeda generalnotationof pre�ltered environmentmaps,accordingto
whichwe haveclassi�edpreviouslyproposedpre�ltered environmentmaptechniques.
We have developedthreenew techniques.First, we have useda new hierarchicalpre-
�ltering methodwhichis onaverageabout10timesfasterthanabruteforcepre�ltering
method.Second,we have proposeda hardwareacceleratedpre�ltering method,which
canpre�lter environmentmapsin real-time,if theusedre�ectancemodeltranslatesto
aconstantandradiallysymmetric�lter kernel.Third, wehaveproposedananisotropic
pre�ltered environmentmapusingtheBanksmodel.

Futureresearchshouldinvestigatethe possibility to usedifferencepyramids�rst
introducedby Burt andAdelson[4] to further speed-upthe hierarchicalpre�ltering.
Anisotropicenvironmentmapsusinga constantshapedanisotropiclobe (à la Phong)
shouldberesearchedasapossiblealternative to theBanksmodel.
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Unfiltered original Classic Hardware 2-pass Hardware 1-passHierarchical

Fig. 4. Comparisonof thedifferent�ltering methods.Filtering wasdonewith thePhongmodel
andanexponentof 100. Fromleft to right: Un�ltered, theclassicmethod,our new hierarchical
method,thehardwareacceleratedmethodwith two andonepass(es).Theoriginal environment
mapis 128� 256pixelsin sizewith a borderof 16 pixels.

N = 50.  20 Hz. N = 500.  9 Hz. N = 50.  20 Hz. N = 500.  9 Hz.

Fig. 5. Two scenesrenderedwith a glossyre�ective torus(SGI O2). Filtering is donewith the
Phongmodel(exponentof 50 and500) for every frame,but interactive ratesarestill achieved.
Theoriginalenvironmentmapsare512� 1024pixelsin sizewith a borderof 64pixels.

Fig. 6. The two imageson the left, show a teapotwith an anisotropicenvironmentmapusing
the Banksmodel (s = 0:99). The imageson the right show slicesof the threedimensional
environmentmap(for ^ (~v;~t) = 44� ; 39� ; 35� ).


