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Fig. 1. NeST Overview. Transparent objects, when subject to external forces (a), exhibit birefringence that manifests as fringes under polarized illumination.
We present NeST, an approach to leverage this 3D photoelasticity through a multi-axis polariscope setup (b). We develop an analysis-by-synthesis approach

using neural implicit fields to non-desctructively reconstruct the internal 3D stress distribution in the object from the captured measurements (c). NeST also

enables new ways of visualizing the underlying 3D stress by rendering the photoelastic fringes obtained by interactively slicing or rotating the object.

Photoelasticity enables full-field stress analysis in transparent objects through
stress-induced birefringence. Existing techniques are limited to 2D slices
and require destructively slicing the object. Recovering the internal 3D
stress distribution of the entire object is challenging as it involves solving
a tensor tomography problem and handling phase wrapping ambiguities.
We introduce NeST, an analysis-by-synthesis approach for reconstructing
3D stress tensor fields as neural implicit representations from polarization
measurements. Our key insight is to jointly handle phase unwrapping and
tensor tomography using a differentiable forward model based on Jones
calculus. Our non-linear model faithfully matches real captures, unlike prior
linear approximations. We develop an experimental multi-axis polariscope
setup to capture 3D photoelasticity and experimentally demonstrate that
NeST reconstructs the internal stress distribution for objects with varying
shape and force conditions. Additionally, we showcase novel applications in
stress analysis, such as visualizing photoelastic fringes by virtually slicing
the object and viewing photoelastic fringes from unseen viewpoints. NeST
paves the way for scalable non-destructive 3D photoelastic analysis.

Additional Key Words and Phrases: polarization, neural rendering, inverse
graphics, stress analysis, 3D reconstruction, computer vision

1 INTRODUCTION

Photoelasticity is an optical phenomenon that allows full-field ob-
servation and quantification of stress distributions in transparent
materials. When an object is subject to mechanical load, it exhibits
birefringence causing the orthogonal polarization states of transmit-
ted light to have a relative phase retardation. This phase retardation
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visually manifests as fringes when the object is placed between po-
larizers, with denser fringes indicating higher stress concentration.
Photoelasticity has broad applications ranging from stress analysis
of dental implants [Goiato et al. 2014; Ramesh et al. 2016] to quality
control of glass panels [Kasper et al. 2016].

Most existing photoelasticity techniques operate on 2D slices or
projections of a 3D object [Ramesh 2021]. In a planar slice, the distri-
bution of photoelastic fringes is related directly to the distribution
of principal stress difference. The most common approach for 3D
analysis involves stress freezing: locking in the stress distribution
in the object by temperature cycling. Thin slices are then manually
cut. 2D stress fields are then obtained for each of the slices, which
when put together create a 3D stress field. Unfortunately, the en-
tire process is expensive, time-consuming and most importantly
destructive.

3D photoelasticity [Aben 1979] aims to recover the underlying 3-
dimensional stress distribution of the entire object without the need
for physical 2D slicing thereby scaling photoelasticity to more un-
structured and non-destructive scenarios. The polarization state of
each light ray encodes the stress distribution along its path through
the object and is modeled as an equivalent Jones matrix. This Jones
matrix can be measured using controlled polarization illumination
and detection [Collett 2005].

Reconstructing the complete 3D stress tensor field from integrated
polarization measurements is challenging for two reasons. First, the
stress at each point is a 3 X 3 tensor, but each ray only encodes a
2 X 2 projection. Multiple object or camera rotations are required to



reconstruct the tensor field, causing this tensor tomography problem
to require more measurement diversity than conventional scalar
tomography like X-ray CT [Szotten 2011]. Second, the relative phase
difference between the polarization states that encodes the stress
information is always wrapped between 0 and 27r. Thus the captured
polarization measurements require phase unwrapping to recover the
full stress information.

Existing approaches aim to tackle these challenges of phase un-
wrapping and tensor tomography in two separate steps [Abrego
2019]. First, the polarization measurements for each rotation are in-
dividually phase unwrapped using techniques extended from single-
view 2D photoelasticity [Tomlinson and Patterson 2002]. Then the
unwrapped measurements are approximated as a linear projection of
the underlying stress tensor field [Sharafutdinov 2012]. We demon-
strate through experimental captures that this two-step fails under
realistic stress distributions. Separately phase unwrapping measure-
ments for each rotation do not provide a way to enforce consis-
tency across iterations resulting in artifacts in the unwrapped phase
(Fig. 8). Furthermore, we observe that the linear tensor tomography
model does not match the captures under realistic scenarios (Fig. 8).

Our key insight is to jointly handle phase unwrapping and ten-
sor tomography. We develop a differentiable Jones calculus-based
forward model that maps the underlying 3D stress tensor distribu-
tion to the captured polarization measurements. The existing linear
tensor tomography model [Sharafutdinov 2012] is a first-order ap-
proximation of our general non-linear forward model and our model
can faithfully explain real measurements (Fig. 8). With this model,
we present NeST, an analysis-by-synthesis approach to reconstruct
full-field 3D stress tensor distribution directly from captured inten-
sity measurements. Inspired by the recent advancements in inverse
neural rendering, we employ neural implicit representations for
the unknown stress tensor field. Neural representations provide
computationally efficiency and adaptive sampling in representing
and reconstructing highly concentrated stress fields.

We develop a multi-axis polariscope hardware setup to experimen-
tally validate our approach (Fig. 12). This setup involves multiple
measurements of the object under yaw-pitch rotation (multi-axis)
and rotation of the polarizing elements (polariscope). NeST can
reconstuct internal stress distribution for objects with a variety of
3D shapes and loading conditions (Fig. 14). By neural rendering the
estimated internal stress, NeST enables novel approaches to visual-
ize the stress tensor distribution (Fig. 15,16). We also qualitatively
validate (Fig. 9) and analyze our approach (Fig. 11,10) through a
simulated dataset of common stress distributions.

Our Contributions. To summarize, we demonstrate the following:

¢ Differentiable non-linear forward model for 3D photoelas-
ticity that faithfully matches the captured polarization measure-
ments.

o Neural analysis-by-synthesis approach that reconstructs in-
ternal stress distribution as a neural implicit representation from
captured polarization measurements.

o Experimental validation of proposed stress tensor tomography
through a multi-axis polariscope setup.

e Simulated and real-world datasets of 3D photoelastic mea-
surements on a variety of object and load geometries.
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o Novel stress visualizations from the learned neural stress fields
such as visualizing photo-elastic fringes obtained by virtually
slicing the object and viewing the object along unseen views.

The codebase and datasets will be made public upon acceptance.

Scope. Although our work presents a major advance in 3D stress
analysis, several limitations remain. First, we do not currently model
absorption, or reflection and refraction at object boundaries. The
latter could be handled by refractive index matching, or by pre-
scanning the geometry of the object, and ray-tracing the refracted
ray path at object boundaries (see Sec 8 for a more detailed discus-
sion). Since our method requires many images, static geometry and
loading conditions are required. Finally, our method shares all the
inherent limitations of photoelasticity methods, i.e. the object needs
to be made of a transparent medium, and the deformation needs to
be in the elastic regime.

2 RELATED WORK
2.1 Polarimetric Imaging

Applications in vision and graphics. Polarization characterizes
the direction of oscillation of light waves [Collett 2005] and en-
codes useful scene properties. There has been significant progress
in exploiting polarization cues for graphics and vision applications,
including reflectance separation [Li et al. 2020; Lyu et al. 2019], ma-
terial segmentation [Kalra et al. 2020; Mei et al. 2022], navigation
[Yang et al. 2018], dehazing [Schechner et al. 2001], shape estimation
[Chen et al. 2022; Cui et al. 2017; Kadambi et al. 2015; Lei et al. 2022;
Tozza et al. 2017; Zhao et al. 2022] and appearance capture [Baek
et al. 2018; Dave et al. 2022; Deschaintre et al. 2021; Ghosh et al.
2010, 2011; Hwang et al. 2022; Ngo Thanh et al. 2015; Riviere et al.
2017].

Birefringence. In this work, we leverage the polarization phenom-
enon of birefringence that is relatively underexplored by the vision
and graphics community. Birefringence is an optical property in
which the refractive index depends on the polarization and propa-
gation direction of light. It occurs in optically anisotropic materials
where the structure or stresses induce different indices along dif-
ferent axes. Birefringence has been widely studied and utilized for
mechanical stress analysis via photoelasticity techniques [Ramesh
2021]. Birefringence is also exploited for imaging fibrous tissues
[Huang and Knighton 2002], cancer pathology [Ushenko and Gorsky
2013], and liquid crystal displays [Yeh and Gu 2009]. Multi-layer
liquid crystal displays [Lanman et al. 2011] use a tomographic po-
larization model for generating 3D images that however neglects
birefringence. Our work focuses on leveraging birefringence for full
3D stress measurement via novel neural tomography approaches.

2.2 Photoelasticity

2D Photoelasticity. Photoelasticity is an optical phenomenon based
on stress-induced birefringence in transparent objects. It has been
extensively utilized for full-field stress analysis in various fields such
as structural engineering [Ju et al. 2018a; Scafidi et al. 2015], material
science [Ju et al. 2019, 2018b; Wang et al. 2017] and biomechanics
[Doyle et al. 2012; Falconer et al. 2019; Joseph Antony 2015; Sugita
et al. 2019; Tomlinson and Taylor 2015]. Coker, Filon and Frocht
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Fig. 2. Overview of our formulation. We develop a formulation to render stress-induced birefringence from the stress tensor field distribution (a) in
a 3D transparent object. The stress field at each point changes the polarization state of a ray passing through that point (Sec. 4.1, Fig. 3). We integrate
these polarization changes for all points along the ray to obtain an equivalent Jones matrix (Sec. 4.2, Fig. 4). These Jones matrices and consequently the
underlying stress tensors are then measured through our multi-axis polariscope capture setup (b) (Sec. 4.3, Fig. 6). In (c), we visualize the multi-axis polariscope

measurements rendered from our formulation for the stress field in (a).

detailed the core principles and methodologies of photoelasticity
in their seminal books [Coker and Filon 1957; Frocht 1941], while
Dally et al. [1978] applied these techniques to engineering problems.
The emergence of digital photography [Kulkarni and Rastogi 2016;
Ramesh et al. 2011] and RGB cameras [Ajovalasit et al. 2015] has
significantly advanced the field. Phase shifting technique [Patter-
son and Wang 1991] emerged as a practical approach to recover
stress distribution from photoelastic fringes by rotating polariscope
elements. Recently, there has been progress in applying machine
learning techniques for estimating stress distribution from photoe-
lastic fringes [Brifiez-de Leon et al. 2024, 2022; Lin et al. 2024]. These
works aim to recover 2D stress distributions in planar objects, while
we focus on the more challenging scenario of 3D stress distributions
from 3D photoelastic measurements.

3D Photoelasticity. Extending photoelasticity to 3D objects tradi-
tionally involved freezing the stress distribution using temperature
cycling and then manually slicing the object into sections for anal-
ysis [Cernosek 1980], but this process is costly, time-consuming,
and destructive. 3D photoelasticity was conceptualized to overcome
these limitations and transition photoelastic stress analysis from
2D slices to reconstructing full 3D stress tensor fields within ob-
jects [O’'Rourke 1951; Theocaris and Gdoutos 1979; Weller 1941].
Aben [1979] formalized the concept of integrated photoelasticity
that models continuous integration of stress variation along a ray
through the object. Bussler et al. [2015] developed a framework to
render photoelastic fringes from 3D stress distributions by solving
for integrated photoelasticity using Runge Kutta numerical integra-
tion They focus on rendering photoelastic fringes from known stress
distribution for visualization purposes. Their numerical integration-
based forward model is not differentiable and cannot be used for
analysis-by-synthesis techniques. We develop a differentiable for-
ward model for 3D photoelasticity that enables 3D stress reconstruc-
tion by neural analysis-by-synthesis techniques. In supplement, we

demonstrate how our framework faithfully approximates the in-
tegrated photoelasticity model under sufficiently low render step
size.

Photoelastic Tomography. There has been very limited work on
directly acquiring and reconstructing 3D photoelasticity. Our paper
presents a major advance in this direction. Most of existing works
approximate the photoelastic forward model to be linear and pose
the stress field reconstruction as a linear tensor tomography prob-
lem [Sharafutdinov 2012]. Sharafutdinov et al. [2012] and Aben et
al. [2005] formulate the reconstruction of a single tensor element,
while Hammer et al. [2005] propose a linear tomography approach
to reconstruct all the tensor elements that is developed to handle
incomplete data in Lionheart et al. [2009]. Szotten [2011] showed
simulated results with the Lionheart et al. [2009] technique and con-
dition the problem using Hilbert transform methods. Abrego [2019]
developed an experimental framework to test the algorithms devel-
oped by Szotten [2011] and concluded that their technique is unable
to scale to real experimental data. We demonstrate real experimen-
tal results that agree with these findings. We demonstrate in Fig. 8
that linear model is incapable of explaining experimental photoe-
lastic measurements especially when the stress variation is large.
We develop a differentiable non-linear forward model and analysis-
by-synthesis technique that faithfully explains the experimental
measurements and reconstructs the underlying stress variation.

2.3 Neural Fields and Neural Rendering

Implicit neural representations (INRs) have emerged as a powerful
technique to represent 3D objects using trainable models, such as
multi-layer perceptrons (MLPs) [Mildenhall et al. 2021]. These mod-
els learn the mapping from spatial coordinates to object properties,
like density or color. INRs offer several advantages: continuous rep-
resentation in spatial coordinates, decoupling of object complexity
from sampling resolution, memory efficiency, and a compact rep-
resentation that acts as a sparsity prior, aiding inverse problems.
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Fig. 3. Modeling stress induced birefringence. Each point in the specimen under stress corresponds to a 3 X 3 Cartesian stress tensor (a). A ray passing
through this point encodes information about the 2 X 2 projection of the stress tensor on a plane perpendicular to the ray (b). The projected stress tensor can
be represented by principle stress directions corresponding to solely normal stress (c). Difference in principle stress values results in a phase difference that

corresponds to a change in the polarization of the light ray (d).

Furthermore, INRs can be combined with differentiable forward
simulators to solve inverse problems via gradient backpropaga-
tion. While initially developed for multiview stereo reconstruction
[Mildenhall et al. 2021], INRs have found diverse applications in
representing and reconstructing field data [Xie et al. 2022]. These
include fitting 2D images [Sitzmann et al. 2020], representing 3D
geometric properties like occupancy fields and signed distance func-
tions (SDFs) [Sitzmann et al. 2020; Wang et al. 2021; Yariv et al. 2021],
and modeling various signal or field quantities in scientific and medi-
cal fields, such as geodesy [Izzo and Gémez 2021], black hole imaging
[Levis et al. 2024], audio signals [Gao et al. 2021], protein structures
[Zhong et al. 2019], computed tomography [Corona-Figueroa et al.
2022], MRI [Shen et al. 2022], ultrasound imaging [Wysocki et al.
2024], and synthetic aperture sonar [Reed et al. 2021, 2023]. NeST
paves the way for neural fields-based approaches in the field of
non-destructive stress analysis.

3 BACKGROUND
3.1 Jones Calculus

Jones calculus is a mathematical formalism used to describe the
polarization state of light. It represents the polarization state as a
2 X 1 Jones vector E containing complex components that denote
the amplitude and phase of two orthogonal polarization modes.

E = (Ex Ey) 1)

where Ex and Ey are the x and y components of the electric field
vector. Under Jones calculus, the effect of an optical element on the
polarization can be represented as a 2 X 2 Jones matrix operating
on the input Jones vector,

Eout =JEin , (2)

where J is the Jones matrix of the optical element, Ej;, is the input
Jones vector, and Eqyt is the output Jones vector.

3.2 Stress Tensor Field

Consider an object of arbitrary shape subject to external mechanical
forces. These external forces would result in a three-dimensional dis-
tribution of body forces throughout the body of the object modeled
as mechanical stress.

The stress at a point p in the material is commonly represented
by the second-order Cartesian stress tensor [Dally et al. 1978]. Con-
sidering a small, axis-aligned cubic element at p, the stress tensor
characterizes the forces on each face of this cube projected along
the x, y and z axis. The stress tensor, S, can be expressed as a matrix
with rows as the x, y, z normal directions of the faces and columns
as the forces along x, y, z directions for each face.

Oxx Oxy Oxz
S(p) = |oyx Oyy Oyz 3)
Ozx Ozy Ozz

Under the conditions of equilibrium, o;; = ;. Thus at each point,
the stress tensor can be expressed as a symmetric matrix with six
unkowns:

Oxx Oxy Oxz
S(p) = |oxy Oyy Oyz (4)
Oxz Oyz Ozz

The principal stresses at a point are defined as the normal stresses
calculated on planes where the shear stresses are zero. These princi-
pal stresses can be obtained by performing an eigendecomposition
of the Cartesian stress tensor in Eq. 4. The magnitudes of the major,
middle, and minor principal stresses are given by the eigenvalues of
the stress tensor, sorted from highest to lowest. The corresponding
eigenvector represents the directions of the principal stress.

4 PHOTOELASTIC IMAGE FORMATION MODEL

In this section, we derive how the polarimetric light transport
through a transparent object encodes its underlying three-dimensional
stress tensor distribution. We demonstrate how stress present at
a certain point within the object induces birefringence that we
model through Jones calculus. Then we present a volume rendering
approach to integrate the stress-birefringence effects into an equiva-
lent Jones matrix that we can measure with a multi-axis polariscope
setup.

4.1 Stress-induced Birefringence

Consider a ray with origin o and direction d propagating through
the transparent object under stress. The points p(t) along the ray
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and within the object are parameterized as:
p(t) =o+td te [ty tf] . (5)

The stress at the point p(¢) is modeled by the Cartesian stress tensor
S(t) (Eq. 4). We demonstrate how, due to stress-induced birefrin-
gence, this stress tensor is encoded in the polarimetric light transport
using Jones calculus.

Projected stress tensor. Consider the plane orthogonal to the ray
(0,d) is spanned by two orthonormal basis vectors, u and v. The
projection of the 3 X 3 stress tensor S(t) along the orthogonal plane
with u — v axes is denoted as the 2 X 2 symmetric matrix S’ (¢)

ul's(H)u uTS(t)v]

Ouu Ouv

113

S'(t) = (6)

ul's(yv vIS(t)v

Ouv  Ovv

Principal stresses. For general choices of the orthonormal basis
(u,v), S’(t) is a non-diagonal matrix, with the diagonal entries
corresponding to the normal stress and non-diagonal entries corre-
sponding to tangential stress. The major and minor principal stress
directions, (w1, wg), are defined as an orthonormal basis that results
in a diagonal projected stress §’, i.e.,

o1 0
0 o2

, ™

wlS(t)wy WTS(f)Wz] N

W?S(t)WZ wg-S(t)wz

with o1 > o2. Along w; and wy directions, there is only normal
stress: o1 and o2 respectively which are termed as the major and
minor principal stresses. In the supplement, we derive that for any
general u, v basis the difference of principle stresses depends on the
components of § as

02 —01 = \/(va - O'uu)Z +ouy? . (8)
The angle § made by the principle stress o1 with u is
1 2
0= - tan"! (ﬁ) . ©)
2 Ovv — Ouu

Stress-optic relation. Consider the segment of length A along the
ray around the point p(#). The length A is small so that there is no
stress variation along the segment. Assuming weak birefringence,
stress-optic relation [Dally et al. 1978] states that the phase differ-
ence §(t) between the principal directions (v1,vg) is proportional
to principal stress difference o1 — 07 and is given as:

2 AC
A

where C is the stress-optic coefficient that depends on the material
properties of the object and A is the wavelength of light.

5(t) =

(o2 —01), (10)

Jones matrix. Next we can model this stress-induced birefringence
at the small segment around p(t) as a Jones matrix denoted as J(t).
The definition of Jones matrix depends on the orthonal basis for
Jones vectors. If we consider the Jones vectors are defined based
on principal stress directions (vy, vz), then the Jones matrixj(t)
corresponds to that of a retarder with retardance § and slow axis
along vy which is given as [Collett 2005],
i5/2 0 ]

i = [e " (11)

Poincaré
Equivalence

(b) Stack of retarders
between sampled points

(a) Sampled points
through ray marching

(c) Equivalence configuration
: a retarder and a rotator

Fig. 4. Modeling integrated photoelasticity. By ray marching, we sample
points along the queried ray (a). We model each segment between the
sampled points, ¢; and t;11 as a retarder with retardance §; and slow-axis
orientation 6; (b). From the Poincaré equivalence theorem, stack of any
number of retarders is equivalent to a single retarder with parameters
(8eg» Oeq) followed by a rotator with rotation yeq (c).

The principal directions are not known a priori. The general or-
thonormal basis (u,v) is rotated 6 from the principal directions
(v1,vg) as given by Eq. 77. For the Jones vectors with orthonormal
basis along (u, v), the Jones matrix corresponds to that of a retarder
with phase ¢ and orientation 6 from the slow axis (u) which is given
as [Collett 2005]:

0 cos260  sin26
T
+isin (9/2) [sin 20 —cos 29] - (12)

4.2 3D Photoelasticity

Integrated photoelasticity using ray marching. Consider N sam-
ples along the ray parameterized as t;,i = 1,2,..., N. Considering
sufficiently large number of samples, we approximate the stress
between the samples t; and t;41 to be constant., From Eq. 12, the
segment between t; and #;41 can then be approximated as a retarder
with retardance §; and slow axis orientation 6;.

We can express the Jones matrix in terms of these parameters as

J(#) = cos (9/2)

1
0

sin 26;
— cos 26;

cos 20;
sin 20;

J () = cos (81/2) [; 0 +isin(5i/2)[ . (13)

Aggregating along the entire ray, we can express the equivalent
Jones vector Jeq as the series of complex matrix multiplications

N
Jeq =] 36t (14)
i=1

Employing equivalence theorem. The net Jones matrix can be un-
derstood as a combination of N retarders along the ray each with a
different retardance J; and orientation 0;. Poincare’s equivalence
theorem states that the polarization properties of a combination of
retarders are equivalent to that of a retarder followed by a rotator.
Thus, the aggregate Jones matrix Jeq can be represented by the prod-
uct of Jones matrix of retarder with retardance deq and orientation
feq and a rotator with yeq. The angles deq, feq , and yeq are denoted
as the characteristic parameters [Aben 1979]. In the supplement,
we derive the equivalence theorem for Eq. 14 and show that equiva-
lent Jones matrix Jeq can be expressed based on the characteristic
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Fig.5. General vs linear 3D photoelasticity model. The proposed general
3D photoelasticity formulation involves converting projected stress tensors
at each point on the ray to Jones matrices (first phase wrap) that are then
integrated using matrix multiplications (then aggregate). We also derive a
first-order approximation of this model that involves first summing the
projected stress tensors (first aggregate) and then converting the aggregated
stress tensor to Jones matrix (then phase wrap)
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parameters as

coS 2Ye sin 2ye
= Oe d !
Jeq = cos (%/2) [sin 2Yeq —COS2¥eq
cos 26, sin 26,
i sin (6 eq eq
+ i sin (Seq/2) [sin 200, —cos 26éq] , (15)

where Géq = Beq = Yeq-

Linear approximation. In the supplement, we show that under
first-order approximations, our formulation simplifies to a linear
combination of projected stress followed by phase wrapping. Prior
works leverage this approximation to formulate photoelastic tomog-
raphy as linear tensor tomography [Sharafutdinov 2012; Szotten
2011]. Consider the projected stress components oy, and 7j3;, defined
as

N N
Olin = Z(O'uu(ti) —ow(t)At; Ty = Z tw ()AL (16)
i=1 i=1

In the supplement, we also show that the aggregated Jones matrix
under first-order approximation Jj;;, can be written as

) cos 20y; sin 20
L= Slin j Slin . n )
Jlin = cos (3in/2) [+ j sin (%in/2) sin 20y,  —cos 20y, | a7
where
4nC ! ian—1 [ %in
51in - _ 7 O-lzin + lein Qlin = 5 tan ( m) (18)
mn

Our general non-linear model vs linear approximation. In the most
general case, the projected stress tensor at each point is encoded as
Jones matrices (Eq. 15) where the stress values are phase wrapped
due to the periodic nature of polarization. Then all Jones matrices
are aggregated using Jones matrix multiplication. The linear approxi-
mation employed by prior works [Sharafutdinov 2012; Szotten 2011]
first aggregates the projected stress values using Eq. 16 and then
performs phase wrapping (Eq. 17). We summarize the differences
between these models in Fig. 5. Moreover, the aggregated Jones
matrix in the general case (Eq. 15) is parameterized by three charac-
teristic parameters Sper, Oner and ype;. In the linear approximation,
the aggregated Jones matrix (Eq. 17) is modeled as an equivalent
retarder with parameters J;;, and 6pe; and no rotator. Thus the
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linear approximation is not sufficient to model the rotation of polar-
ization due to integrated photoelasticity. In Fig. 8, we demonstrate
how the linear model fails to explain the photoelastic fringes for a
complicated stress field distribution.

4.3 Multi-axis Polariscopy

ay B P1 B2

(a) Notations for multi-axis polariscopy

ooy (B (0,90 (45',45%) (5,07 B

Sin 8,q Sin 20,4 sin 8,4 cOs 26,4

More fringes
around stress
points.

A\ |
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for oblique
view.

(b) Example rendered polariscope images for a disk under diametral compression

Fig. 6. Multi-axis polariscope capture setup By varying yaw-pitch ro-
tations of the specimen and varying rotations of quarter waveplates and
polarizers (a), we capture the intensity measurements (b). These measure-
ments exhibit fringes which encode the projections of the underlying stress
tensor field.

In Sec. 4.2, we showed that the equivalent Jones matrix (Eq. 15)
for each ray encodes a projection of the stress distribution. Here
we describe how to measure this Jones matrix through a multi-axis
polariscope capture setup comprising a linear polarizer and quarter
waveplate before and after the target. We then describe how rotating
the object and capturing polariscope measurement for each rotation
enables photoelastic tomography.

Circular polariscope. We consider a circular polariscope-based
setup (Fig. 6) to capture components of the Jones matrix in Eq. 15.
Light emitted by an area light source passes through a linear polar-
izer (LP1) with the polarization axis oriented at an angle ; with
respect to the horizontal axis. The linearly polarized light then
passes through a quarter wave plate (QWP1) with the fast axis
oriented at an angle ; with relative to the horizontal axis. The
resulting circularly polarized light passes the specimen under stress.
The light ray coming out of the specimen passes through another
quarter wave plate (QWP2) with fast axis oriented at an angle S,
and then reaches the polarization camera. The polarization camera
comprises of a grid of linear polarizers at different orientations. Con-
sider this light ray hits a sensor pixel which has a linear polarizer
(LP2) oriented at an angle as.
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Captured intensity. Consider E(a1) as the Jones vector of light
emitted from the LP1 and Q(f1),Q(f2) and L(a2) as the Jones ma-
trices of QWP1, QWP2 and LP2 respectively. The effective Jones
matrix as derived in Eq. 15 depends on the characteristic parameters
Onets Oner and yper. The refraction into and outside the object also
alters the polarization state based on the surface normals at those
points. At the entry and exit points of the ray, t, and t7, consider
the Jones matrix depending on the surface normals R(#») and R(#f).
Using Jones Calculus, the Jones vector of light reaching the sensor
Epol is given by the complex matrix multiplication:

Epol = L(a1)Q(B1)R(tn)JeqR(1£)Q(f2)E(ar2) (19)

The intensity measurement captured by the polariscope I,0] can be
obtained from the Jones vector E by combining net intensity along
orthogonal dimensions u and v.

Inol = EuEy + EvEy (20)

By varying the polariscope element angles a1, f1, f2 and ay, we can
obtain multiple intensity measurements that encode the character-
istic parameters Seq, feq and yeq-

Multi-axis rotations. The polariscope measurements encode the
equivalent Jones matrix Jeq (Eq 15) for each camera ray. This Jones
matrix in turn depends on the projection of the stress tensors of
the points along the ray (Eq 6). Every ray measures only a 2 X 2
projection of the 3 X 3 stress tensors on a plane perpendicular to
that ray (Eq. 6). Therefore, to obtain the full 3 X 3 stress tensor at
each point, we need to probe every point with multiple rays, each
providing a different 2 X 2 projection of the 3 X 3 tensor. To obtain
all possible 2 X 2 projections, the probing rays should be uniformly
sampled from a unit hemisphere.

To obtain multiple projections of the stress tensor field, we could
either rotate the viewing camera rays by moving the camera and
the screen around the object or we could rotate the object. In Fig. 6,
we visualize the later case. Yaw rotation p; and pitch rotation py
of the object are equivalent to fixing the object and rotating the
elevation and azimuth direction of the camera ray respectively.
Thus by multiple yaw-pitch rotations of the object, we capture
multiple projections of the stress tensor field enabling photoelastic
tomography.

Summarizing multi-axis polariscopy. Putting it all together, our
capture scheme (Fig. 6) has two components: 1) yaw-pitch rotations
of the object p1, p2 and 2) polariscope images involving rotations
of LP1(ar1), QWP1 (B1), QWP2 (f2) and LP2 (a2) for each yaw-pitch
rotation. Each captured intensity is a non-linear function ¥ of the
characteristic parameters Jeq, Oeq, Yeq (Eq. 19-20). These character-
istic parameters in turn depend on the underlying stress tensor
distribution S (Eq. 6-15). We can express the captured polariscope
measurements as :

Ipol (a’ B P) =F (Jeq (5eq(s)’ eeq(s): qu(s))) > (21)
where we have folded the polariscope parameters into vectors,
a=lana2] B=[prf] p=Ilprp2l. (22)

The characteristic parameters Fig. 6(b) shows example rendered po-
lariscope images from our capture scheme for a disk under diametral
compression.

Position Stress Tensor
Vector Elements

Multi-axis polariscope
measurements

(o, a.B)

O_XX
Px Neural Tyy Differentiable —
pJ’:|_> Stress Field Oxy Photoelastic
Pz So Oyz Model (Sec. 4) OS5
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” Lo (0. o )+

Fig. 7. NeST Pipeline. For every sampled point, the 3D position vector is
passed through a coordinate-based neural network, called the neural stress
field, to obtain the stress tensor elements at that point. Our differentiable
forward model converts the queried stress to multi-axis polariscope mea-
surements that we compare with the captured measurements and use the
render losss to end-to-end train the underlying neural stress field.

5 NEURAL STRESS TENSOR TOMOGRAPHY

Here we describe our approach to reconstruct the 3 dimensional
stress tensor field from multi-axis polariscope measurements. We
first model the stress tensor field S(p) as a neural implicit representa-
tion and describe how we can use the developed 3D photoelasticity
model to render the projected Jones matrix Jnet of the sample from
these representations and then show how we can solve for unknown
neural stress fields with gradient-based optimization.

5.1 Neural stress fields

The stress field can vary dramatically throughout the object. For
example, when an external load is applied on the object’s boundary
stress is often concentrated close to the boundary and then becomes
sparse towards the bulk of the object (Fig. 2). Representing this stress
distribution requires adaptive sampling points in the object. For the
stress tomography problem, as the stress is completely unknown
at the start, this adaptive sampling cannot be fixed and known. We
leverage the recent advancements in implicit neural representations
to model complex visual distributions with high expressive power
and computational efficiency.

Stress at each point p within the object is modeled as a second-
order symmetric tensor (Eq. 4). We express this distribution with
a coordinate-based MLP network S with weights © that takes the
position p as input and outputs five components of the Stress tensor
matrix :

Se : p = (0xx; Oyys Oxy, Oyz, Ozx) - (23)

Handling trace ambiguity. The stress tensor estimated by pho-
toelasticity has an unknown offset to the trace of the stress tensor
matrix [Lionheart and Sharafutdinov 2009]. This is evident from the
stress optic equation (Eq. 10) where the phase difference depends on
the difference between principal stresses. The addition of a constant
offset to the principal stress would still result in the same phase
difference. This ambiguity could result in many plausible stress
tensors to fit the measurements. We account for this ambiguity by
explicitly setting the trace of the reconstructed stress tensor as zero.
As a result, we estimate the sixth component of the stress tensor
02z so that the trace, oxx + oyy + 02, is zero.

Ozz = —Oxx — Oyy - (24)
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Fig. 8. Comparison of approaches for photoelastic tomography. The existing approaches to photoelastic tomography [Abrego 2019] (a(i)) involve a
separate per-view phase unwrapping estimation that suffers from artefacts (b). We propose a joint phase unwrapping and tomography approach. Leveraging
our linear forward model (a(ii)) results in more approximate renders while being computationally efficient. Our general forward model (a(ii)) results in renders
that closely match the captures (c) at a higher computational cost. Moreover the estimated stress field with the general model is smoother compared to the

other approaches (d).

Occupancy function. We consider that the 3D geometry of the
loaded specimen is known and represented as a known occupancy
function O that is 0 for any point outside the object and 1 for any
point on and within the object. The queried stress at a point is then
masked with this occupancy function. The occupancy function aids
the reconstruction of neural stress field by explicitly setting the
stress at empty regions to zero. We denote the masked stress field
as Sg:

Se(p) = O(p)Se(p) (25)

5.2 Differentiable rendering of polariscope measurements
from neural stress fields

Our differentiable formulation for 3D photoelasticity (Sec. 4.2) is
well-suited for rendering from continuous implicit stress distribu-
tions. Here we describe how we utilize the differentiable forward
model in our optimization framework.

Monte-Carlo ray sampling. We require to obtain the polariscope
measurements for each multi-axis rotation p of the object. As de-
scribed in Sec. 4.3, the measurements can equivalently be modeled
by fixing the object and rotating the polariscope assembly by —p.

Fixing the object allows us to query the neural stress field & in the
same coordinate system for all the rotations. For each rotation p,
we obtain a set of rays corresponding to each pixel on the camera
and we parameterize the ray as o,d, p.

For each ray (o, d, p) we sample N points using stratified sam-
pling between the object boundaries (tp, ). For every point ¢, we
query the stress tensor S§(¢) and obtain the Jones matrix J(t) from
Eq. 67. From Eq. 14, the projected Jones matrix can be obtained by
complex matrix multiplications of Jones matrices along the ray

N
Jeq = HJ(tl) . (26)
i=1

Efficient Jones matrix multiplications. Multiplying complex 2 X 2
Jones matrices in Eq. 26 along the ray can be computationally expen-
sive. Multiplying two Jones matrices itself requires 56 multiply-add
operations. We show that these computations can be simplified by
using the Poincaré theorem and exploiting the structure of these
Jones matrices. The projected Jones matrix Jnet (Eq. 15) has only 4
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Fig. 9. NeST evaluation on simulated dataset. We evaluate NeST on multi-axis polariscope measurements rendered from stress fields in common objects
with varying loading conditions (a). The measurements rendered from the stress field estimated by NeST qualitatively match the input measurements (b).
In (c), we visualize the major principal component of the stress tensor field estimated by NeST by showing a slice of the principal stress magnitude and
streamline visualization [Wang et al. 2022] of the principal stress direction. (b) and (c) demonstrate that the stress field estimated by NeST qualitatively and
quantitatively matches the underlying ground truth stress field. Please refer to the supplementary video for a 3D animation of this result.

unique scalar elements, jeq = (@eq, beqs Ceqs deq), defined as

Geq = €OS (8eq/2) COS 2¥eq beq = sin (deq/2) sin 20¢q

Ceq = sin (Jeq/2) cOs 2054 deq = c0s (8eq/2) sin 2yeq (27)

Similarly, for each intermediate Jones matrix J(t;) from Eq. 67 can
be defined with unique elements j; = (aj, bj, ¢;).

a; = cos (8i/2) b; = sin (9i/2) sin 26;
¢; = sin (6i/2) cos 20; (28)

Consider the first i points along the ray. From the Poincaré the-
orem, the Jones matrices for these points are equivalent to a sin-
gle equivalent Jones matrix that we denote with unique elements
jg{ll = (aéq, béq, céq, déq). The equivalent Jones matrix for i+1 points
can be obtained by matrix multiplication of equivalent Jones matrix
upto i points with Jones matrix J(t;). As before, the equivalent ma-
trix for i + 1 points is represented its by unique elements jéJ{ll and
the matrix multiplication can be efficiently expressed as a function
the unique elements upto i points and the unique elements of the
ith point:

ag! = aialy — bibly — cicty (29)
bii! = aibly + biakg + cidyg (30)
cf;gl = aicéq + ciaéq - bidéq (31)
déal = aidéq - c,-béq + bicf;_q (32)

Accumulating these unique elements up to N points, we obtain
the unique elements of the overall equivalent Jones matrix,jeq =
jg{l. This approach results in 3X reduction of the total number of
computations compared to naive complex matrix multiplications.

Multi-axis polariscope measurements. For the ray (o,d, p), we
then compute rendered polariscope measurements I,o1(@, B, p)
from the computed equivalent Jones matrix parameterized with
the vector jeq using Eq. 21 as

fpol(a’ :3’ P) =F (jeq (S@)) . (33)

5.3 Optimization objective

From our capture setup, we obtain the captured multi-axis polar-
iscope I, for every rotation p and polariscope parameter a, . We
define the loss between the rendered polariscope measurements
fpol from Sec. 5.2 and the captured I;,] as the L1 loss and optimize
for the parameters of the neural stress field © using gradient-based
optimization. The estimated parameters ©* can be expressed as:

0" =min > lo1(©) - aills (34)
a.p.p
5.4 Comparison of photoelastic tomography approaches

Here we compare and contrast three different approaches to photoe-
lastic tomography enabled by our optimization framework (Fig. 8(a)).
We use the example of experimental data that consists of two planar
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Fig. 10. The effect of varying rotation angles. We vary the the range of multi-axis rotation angles for two scenes in our simulated dataset and show slices
of the oxx component. A smaller range results in lower reconstruction accuracy. BEARING has more complex stress variation than FEMUR and thus detoriates

higher upon reducing the rotation angle range.

disks that are under diametral compression and are stacked on top
of each other. When slicing along the thickness of the object under-
lying stress distribution should rotate from 135° to 45° as we go
from one planar disk to the other. We compare the following three
techniques:

e Two-step: Similar to the prior linear tensor tomography tech-
nique by Abrego et al. [2019], we separately phase unwrap po-
lariscope measurements for each rotation p and obtain the ag-
gregated stress. These aggregated stresses are then used to solve
a linear tensor tomography problem using our linear forward
model and neural stress fields.

e NeST-approx: We use our differentiable linear forward model
and perform joint phase unwrapping and linear tomography.

o NeST-general: We use the general nonlinear forward model and
perform joint phase unwrapping and nonlinear tomography.

Two-step has artifacts in the aggregated stress obtained after
phase unwrapping (Fig. 8(b)). While NeST-approx is more computa-
tionally efficient by using the linear model instead of the nonlinear
one, it cannot explain the captured measurements as well as the
nonlinear model Fig. 8(c)). NeST-general can accurately explain
the captured measurements and reconstruct stress fields that are
smoother and qualitatively closer to the expected variation (Fig. 8(d))
than other two techniques.

5.5 NeST Implementation Details

Optimization framework. We implement the NeST framework in
PyTorch. We use NerfAcc [Li et al. 2023] as the backbone of our
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implementation. NerfAcc accelerates NeRF-based reconstruction
using CUDA kernels. Our forward model involves unique cascaded
complex multiplications that we perform efficiently using the pro-
cedure defined in Sec. 5.2. We implement the forward and gradient
operators for our image formation model using custom CUDA ker-
nels.

Neural field architecture. We consider the neural stress fields as
coordinate-based MLP with sinusoidal encodings [Mildenhall et al.
2021] and sigmoid linear unit (SiLU) activation function [Hendrycks
and Gimpel 2016]. For simulated experiments, we consider an 8-
layer MLP with 64 neurons in each layer and 5 frequencies in the
sinusoidal encoding. For the real experiments, we consider a 6-layer
MLP with 64 neurons and 4 sinusoidal encoding frequencies.

Occupancy grid. Similar to InstantNGP [Miiller et al. 2022], we de-
fine a binary occupancy grid that ensures that the points on rays that
are empty are not queried. InstantNGP learns the occupancy grid
jointly with the neural field. In our case, as the geometry is known,
we define this occupancy grid from on the occupancy function O.

Reconstruction details. For optimization we use an Adam opti-
mizer, with a learning rate of 3e-4. We optimize for about 100K
iterations per scene. Optimizing each scene takes around 2 hours
on an NVIDIA A100 GPU.

6 SIMULATION RESULTS AND ANALYSIS

In this section, we discuss the evaluation of NeST on synthetic
datasets. We describe the generation of our 3D photoelasticity
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Fig. 11. The effect of increasing phase wrapping. More fringes can be observed in the rendered image as the wraping coefficient increases. The reconstruction
quality detoriates when the fringes become too dense for the a given spatial resolution.

dataset from stress fields of complex objects, evaluate the perfor-
mance of NeST on this dataset, and analyze the reconstruction
accuracy under key factors.

6.1 Simulated 3D Photoelasticity Dataset

3D-TSV stress fields. We utilize the 3D-TSV dataset [Wang et al.
2022] that includes 3D stress fields of several common objects and
mechanical parts generated under practical loading conditions using
finite element method (FEM) simulations. The stress field within
each object is represented by an adaptively sampled hexahedral
mesh or a Cartesian grid. The six-element symmetric stress tensor
elements are provided at the vertices of the adaptively sampled mesh.
The dataset also contains the 3D surface mesh and the details of the
loading conditions for each object. We use six objects from the 3D-
TSV dataset to construct our 3D TSV dataset: FEMUR, BEARING, CAN-
TILEVER, KITTEN, BRACKET and Rob. The first three datasets are
depicted in Fig. 9 while the others are depicted in the supplement.

KNN interpolation. The stress field in 3D TSV datasets is defined
only on 3D coordinates corresponding to the vertices of an adap-
tively sampled mesh. Our rendering procedure described in Sec. 4
requires us to query the stress field at 3D arbitrary points within
the mesh. We use k-Nearest Neighbors (KNN) interpolation [Qi
et al. 2017] to compute the stress tensor elements at any arbitrary
interior point by distance-based interpolation of the stress values at
k nearest vertices.

SIREN occupancy function. The KNN interpolation assigns non-
zero stress values to 3D points outside the object. We require an
occupancy function to set the stress values outside the object to 0
explicitly. First, we train a SIREN network [Sitzmann et al. 2020] to
model the signed distance function (SDF) from the provided surface
mesh. Then we obtain the occupancy function by thresholding the
SDF function such that the non-negative values correspond to 1
and the positive values correspond to 0. We use a SIREN network
with three hidden layers and 256 neurons for all the objects. This
occupancy function is used in both (1) the rendering stage to mask
stress field values directly and (2) the reconstruction stage to exclude
low occupancy regions and accelerate sampling.

Rendering 3D photoelasticity. We query the stress field at arbitrary
points with the procedure described above. We use the nonlinear
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forward model described in Sec 5.2 to render multi-axis polariscopy
measurements. We can vary the stress-optic coefficient C (Eq. 10) to
vary the frequency of photoelastic fringes. Fig 2(c) shows rendered
measurements for FEMUR, with the underlying stress field depicted
in Fig 2(a). As expected, the photoelastic fringes in the rendered
measurements have a higher density around the load application
points. The multi-axis polariscope measurements for each object
are rendered for the complete 180-degree range for the azimuth and
elevation rotation axis with 32 angles sampled along each rotation
axis. Rendering each object takes 2-4 hours on an Nvidia A100 GPU.

6.2 Evaluation of reconstruction

We use the 32 x 32 renderings with the full 180-degree range on each
axis for qualitative comparison. The reconstructions are performed
using our NeST-general approach. In Fig. 9(a), we show the object
geometry and loading conditions for three objects: FEMUR, BRACKET
and CANTILEVER. Blue arrows represent compressive forces and
red arrows depict tensile and shear forces. The object points touch-
ing the gray surfaces are kept fixed during the load application.
Fig. 9(b) shows that the polariscope measurements rendered from
the reconstructed stress field by NeST qualitatively match those
rendered directly from the ground truth field. In Fig. 9(c), we visual-
ize the reconstructed stress plotting the magnitude and directions
of the principal stress corresponding to the largest eigenvalue of
the stress tensor and its eigenvector respectively. We can see that
our reconstruction closely approximates the ground truth. From the
principal stress magnitude, we can observe the increase in stress
near the contact points on FEMUR, around the holes in BRACKET, and
at the top and bottom edges in CANTILEVER. The principal stress
direction is visualized as stress lines using the 3D-TSV visualization
framework [Wang et al. 2022] and demonstrates how the stress
propagates within the object.

6.3 Effect of rotation angles

In tomography, the rotation angle or the scanning angle is important.
Here, we start with the hemisphere (180x180), and gradually reduce
to a cone where the center aligns with the object. We reduce the
angle of the cone (scanning range in each direction) from 180 down
to 90 degrees on each direction (2X subsampling), and 45 degrees
(4% subsampling). The effects are shown in Fig. 10 below. As the
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Fig. 12. Proposed multi-axis polariscope setup. The system is composed
of a linearly polarized light panel for illumination and polarization camera
for detection. Both illumination and detection side additionally include
rotatable quarter wave plates. The entire assembly is colinearly mounted.
Two-axis object rotation is achieved via a motorized azimuth stage (p2) and
by rotating the entire polariscope assembly for elevation (p;).

angle reduces, the quality of reconstruction reduces significantly.
With 90 degrees, reasonable reconstruction can be obtained for most
of the object. However, artifacts start to occur. When subsampling
is 4%, the quality degrades significantly and distortions can be seen
in the reconstructed stress field. The distortions in BEARING are
much more severe as it has a more complex stress field. The results
match the observations in conventional scalar tomography, where
the missing cone problem can significantly degrade the performance
as unobserved angles increase.

6.4 Effect of phase wrapping

We analyze the effect of increasing phase wrapping using BEARING.
We vary the stress-optic coefficient for BEARING in the rendering
stage from 0.1 to 0.25 to 0.5. To emulate sensor read noise in real
captures, we add a Gaussian noise with mean 0 and standard devia-
tion 0.01. Example ground truth rendered measurements and slices
of the underlying stress field are shown in the first row of Fig. 11.
Increasing the stress-optic coefficient increases the amount of phase
wrapping in the reconstructions. For a given spatial resolution, at a
certain coefficient value, the fringes become too dense to be resolved
resulting in detoriation of the reconstruction quality.

7 REAL EXPERIMENTS AND RESULTS
7.1

Our multi-axis polariscope acquisition setup is shown in Fig. 12. On
the illumination side, our polariscope assembly has an LED light
panel with a diffuser, a linear polarizer (LP1), and a quarter-wave
plate (QWP1). On the camera side, our setup has another quarter-
wave plate (QWP2), a bandpass filter, DSLR lens, and a snapshot
polarization sensor (containing a grid of LP2). The LP1 and QWP1
can be manually rotated while QWP2 is rotated with a motorized
stage. The entire polariscope assembly is mounted colinearly on a
single rod.

As explained in Sec. 4.3, we require polariscope measurements
by rotating the object along two axes: azimuth (p2) and elevation
(p1). We rotate the object along the azimuth axis with a motorized
rotation stage. For the elevation axis, we rotate the entire polariscope

Acquisition setup
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Fig. 13. Proposed 3D Photoelasticity experimental dataset. We acquire
multi-axis polariscope measurements for a variety of 3D shapes and force
application conditions. (a) depicts examples from the dataset with the mea-
surement cos §eq. The photoelastic test specimen are created from epoxy
resin and shown in (b).

assembly with second motorized rotation stage. We rotate the whole
assembly instead of just the object to minimize the spatial footprint
of the setup and avoid occluding the object with the stage.

We capture four raw measurements for each elevation and az-
imuth rotation with varying QWP1 and QWP2 orientations. Each
of the four raw measurements comprises four different LP2 orien-
tations. These 16 measurements Ipol are non-linear expressions of
the underlying characteristic parameters deq, feq and yeq (Eq. 21).
Please refer to the supplement document for the analytical forms of
all 16 measurements. As we describe in the supplement, these mea-
surements can be expressed as constant scale and offset applied to
one of the following six expressions of the characteristic parameters,
I;:

I; = cos deq I, = sin Oeq €08 20cq (35)
I3 = sin 8eq Sin 20cq Iy = sin 8eq Sin Zyéq (36)
Is = c0s 20¢q sin 2Yeq + €08 Jeq 5in 20eq Sin 2y¢q (37)
I = sin 20cq cos 2yéq — €08 8eq €08 20cq sin 2yéq , (38)

where y¢q = 2Yeq — Oeq-
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Fig. 14. NeST evaluation on real experiments. We demonstrate that NeST can recover the internal stress field distribution for 3D objects with varying
shapes and loading conditions (a). Polariscope measurement cos Jeq rendered from the stress field estimated by NeST matches the input measurements (c).
Slices of the principal stress distribution qualitatively match the intuition for the applied loading conditions. Please refer to the supplementary video for a 3D

animation of this result.

7.2 Test samples

The custom test samples were made from a two-part epoxy resin
and molded in various shapes using silicon molds. For simple shapes,
off-the-shelf molds were utilized. For more complex shapes, includ-
ing samples with letters or with strict dimensions, liquid silicon
molds were cast around 3D printed parts, and the samples were
then created in the same way as before.

Samples with Residual Stresses. Two types of samples with residual
stresses were used: household transparent plastics and resin. The
household objects were simply objects that are commonly found
around the house, such as a tape dispenser, and transparent plastic
box. Due to the injection molded process used to manufacture these
parts, residual stresses are common and the samples with the most
birefringence were selected. The second type was resin samples.
These were cast resin samples that had a compressive force applied
for in excess of 24 hours. Due to the nature of the resin we used,
the samples would set and exhibit residual stresses even after the
force was removed. These samples simplified the mounting setup
and allowed for extended azimuth and elevation ranges.

Samples with Applied Stresses. To apply an adequate force, custom
3D-printed mounts were made which applied a compressive force
on the samples. The mount was modeled such that it allows varying
angles of applied stress on the XY-plane. Furthermore, the mount
was created such that two samples could be mounted sequentially
along Z, as shown in Fig 12. Each force applicator can be removed
independent of the other to facilitate the capture of individual sam-
ples for validation: the front sample was captured, both samples
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were then captured together, and then the back sample was cap-
tured. To restrict the force applied to the sample to compression, a
ball-and-socket nut was mounted to each screw such that no torsion
was applied as the screw was tightened.

7.3 Acquisition Details

For the samples with residual stress, we capture the 16 polariscope
measurements for each of the 400 multi-axis rotations: 25 azimuth
and 16 elevation rotations with a range of 180 and 90 degrees respec-
tively. 320 rotations are used for training and 80 rotations for testing.
For the samples with applied stress, the force application mount
occludes the sample at oblique views and thus limits the azimuth
range. These samples are captured with 320 multi-axis rotations:
20 azimuth and 16 elevation rotations with a range of 140 and 90
degrees respectively. The entire acquisition requires around 3 hours
for each object.

7.4 Qualitative Results

In Fig. 14, we evaluate the performance of NeST in recovering un-
derlying 3D stress distributions in real specimens under load. We
analyze three loaded specimens (a): 1) a cylinder with two compres-
sive loads along the thickness close to each face and 2) a triangular
prism with loads partially along z (i.e. a shear load in addition to a
compressive load is applied). 3) a cylinder with a square hole and
with a single obliquely applied compressive load. All these speci-
mens correspond to a 3D stress variation as the load application
points are varying along the thickness. We reconstruct the under-
lying stress tensor field using nest. The polariscope measurement
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Fig. 15. NeST Application: Virtual slicing. NeST enables visualizing the internal stress distribution as photoelastic fringes obtained by virtually slicing
the object. For objects consisting of two stacked compressed planar elements, NeST can decompose the stress field for each planar element and recover the
photoelastic fringes for each element. These decomposed photoelastic fringes match the ones captured by scanning each element separately.

from the reconstructed stress field matches the input capture (b). We
compute the principal stress field from the recovered stress tensor
and plot its slices along the thickness of the specimen (c). From
these slices, is it evident that NeST can resolve the stress fields cor-
responding to different load points with recovered principal stress
being higher close to the respective load points, depicted as arrows
in (c).

7.5 NeST Applications

Virtual Slicing. NeST enables virtually slicing 3D objects to visu-
alize the internal stress within the object as photoelastic fringes. An
example of virtual slicing using NeST is shown in Fig. 15. With two
objects stacked in line with one on top of another, the photoelastic
fringes are superimposed on one another and interfere. NeST is
able to successfully decompose the fringes of each specimen, and
their individual components can be extracted. This is shown with a
simple scenario with compressed square and hexagonal prisms. A
more complex example was tested where individual letter cutouts
were extracted from specimens, which is challenging given the
non-uniformity of the profiles around the sharp edges of the letters.

Novel View Stress Visualization. NeST enables new ways to visu-
alize the 3D stress tensor field distribution within common objects.
Objects such as a clear plastic tape dispenser (Fig. 16(a)) exhibit
fringes when placed in a polariscope due to the residual stress distri-
bution within these objects. The density of fringes is related to the
amount of residual fringes and these fringes are a way to visualize
the underlying stress tensor distribution [Bufiler et al. 2015]. From
a set of multi-axis polariscope measurements, we can estimate the
underlying neural stress tensor field (b). The estimated stress reveals
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regions with high stress concentration, depicted as arrows in (b).
Using our forward model, we can then render the measurements for
new rotations of the object not seen during training. In Fig. 16(c), we
demonstrate that these rendered measurements qualitatively match
the captures using a held-out test set not used in the training. Thus
NeST can enable visualizing the stress distribution in objects in an
interactive manner by rendering photoelastic fringes as the object
is viewed from novel views or rotations.

8 DISCUSSION AND CONCLUSIONS

In this paper, we have introduced a differentiable non-linear forward
model for 3D photoelasticity, and integrated it into a neural stress
tensor tomography approach we call NeST. A novel multi-axis po-
lariscope setup is developed to capture the required measurements.
We have demonstrated the efficacy of the NeST on complex shapes
in simulation, and on simpler geometries in real experiments.

To bridge the complexity gap between simulation and experiment,
the primary challenge is to handle refraction and reflection at the
object surface. We see two fundamental approaches to tackle this
issue, both with their individual challenges:

Refractive index matching. A hardware solution to surface reflec-
tion and refraction would be to immerse the object in a liquid of the
same refractive index [Trifonov et al. 2006]. The primary challenge
of this approach is that adding a liquid filled container would sig-
nificantly increase the complexity of the multi-axis polariscope. It
should also be noted that due to the birefringence of the object, the
refractive index matching would be approximate. Still, this approach
could likely reduce reflections and refraction to a negligible amount.
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Fig. 16. NeST Application: Novel View Stress Visualization NeST enables visualizing the 3D stress tensor field distribution within objects by rendering
photoelastic fringes for novel views. From multi-axis polariscope measurements of a transparent tape dispenser (a), NeST estimates the underlying stress field
(b) and can render fringes matching held-out test rotations (c), allowing interactive visualization of stress distributions.

Explicitly modeling boundary surfaces as Fresnel reflectors and re-
fractors. An alternative approach would be to 3D scan the object
before stress analysis, and then explicitly compute ray intersections
with these boundary surfaces, applying Fresnel laws. It might even
be possible to attempt a joint estimation of the shape and the stress
field. This approach would not require any hardware changes, how-
ever it significantly complicates the forward model, since the ray
paths in this model split into reflected and refracted parts at every
interface. Total internal reflectance would further complicate the
forward model.

Both of these approaches require significant new research and
expansions of the proposed approach, and are thus left for future
work. Nonetheless, we believe that our model and approach present
a significant advance in the 3D analysis of complex stress fields
using photoelasticity.

REFERENCES

Hillar Aben. 1979. Integrated photoelasticity. McGraw-Hill International Book Com-
pany.

Hillar Aben, Andrei Errapart, Leo Ainola, and Johan Anton. 2005. Photoelastic tomog-
raphy for residual stress measurement in glass. Optical Engineering 44, 9 (2005),
093601-093601.

Samantha Abrego. 2019. Experimental Assessment and Implementation of Photoelastic
Tomography. Ph.D. Dissertation. University of Sheffield.

A. Ajovalasit, G. Petrucci, and M. Scafidi. 2015. Review of RGB photoelasticity. Optics
and Lasers in Engineering 68 (May 2015), 58-73. https://doi.org/10.1016/j.optlaseng.
2014.12.008

Seung-Hwan Baek, Daniel S Jeon, Xin Tong, and Min H Kim. 2018. Simultaneous
acquisition of polarimetric SVBRDF and normals. ACM Trans. Graph. 37, 6 (2018),
268-1.

Juan Carlos Brifiez-de Leén, Heber Lopez-Osorio, Mateo Rico-Garcia, and Hermes
Fandifio-Toro. 2024. Deep learning as a powerful tool in digital photoelasticity:
Developments, challenges, and implementation. Optics and Lasers in Engineering
180 (2024), 108274.

Juan C Brifiez-de Ledn, Mateo Rico-Garcia, and Alejandro Restrepo-Martinez. 2022.
PhotoelastNet: a deep convolutional neural network for evaluating the stress field
by using a single color photoelasticity image. Applied Optics 61, 7 (2022), D50-D62.

15

Michael Bufiler, Thomas Ertl, and Filip Sadlo. 2015. Photoelasticity raycasting. In
Computer Graphics Forum, Vol. 34. Wiley Online Library, 141-150.

Jan Cernosek. 1980. Three-dimensional photoelasticity by stress freezing. Experimental
Mechanics 20, 12 (Dec. 1980), 417-426. https://doi.org/10.1007/BF02320882

Guangcheng Chen, Li He, Yisheng Guan, and Hong Zhang. 2022. Perspective phase
angle model for polarimetric 3d reconstruction. In European Conference on Computer
Vision. Springer, 398-414.

Ernest George Coker and Louis Napoleon George Filon. 1957. A treatise of photo-
elasticity. (No Title) (1957).

Edward Collett. 2005. Field guide to polarization. Spie Bellingham, WA.

Abril Corona-Figueroa, Jonathan Frawley, Sam Bond-Taylor, Sarath Bethapudi, Hu-
bert PH Shum, and Chris G Willcocks. 2022. Mednerf: Medical neural radiance
fields for reconstructing 3d-aware ct-projections from a single x-ray. In 2022 44th
Annual International Conference of the IEEE Engineering in Medicine & Biology Society
(EMBC). IEEE, 3843-3848.

Zhaopeng Cui, Jinwei Gu, Boxin Shi, Ping Tan, and Jan Kautz. 2017. Polarimetric multi-
view stereo. In Proceedings of the IEEE conference on computer vision and pattern
recognition. 1558-1567.

James W Dally, William F Riley, and AS Kobayashi. 1978. Experimental stress analysis.
(1978).

Akshat Dave, Yongyi Zhao, and Ashok Veeraraghavan. 2022. Pandora: Polarization-
aided neural decomposition of radiance. In European Conference on Computer Vision.
Springer, 538-556.

Valentin Deschaintre, Yiming Lin, and Abhijeet Ghosh. 2021. Deep polarization imaging
for 3D shape and SVBRDF acquisition. In Proceedings of the IEEE/CVF Conference on
Computer Vision and Pattern Recognition. 15567-15576.

Barry J. Doyle, John Killion, and Anthony Callanan. 2012. Use of the photoelastic
method and finite element analysis in the assessment of wall strain in abdominal
aortic aneurysm models. Journal of Biomechanics 45, 10 (June 2012), 1759-1768.
https://doi.org/10.1016/j.jbiomech.2012.05.004

S.E. Falconer, Z. A. Taylor, and R. A. Tomlinson. 2019. Developing a soft tissue surrogate
for use in photoelastic testing. Materials Today: Proceedings 7 (Jan. 2019), 537-544.
https://doi.org/10.1016/j.matpr.2018.12.005

M.M. Frocht. 1941. Photoelasticity. Number v. 2 in Photoelasticity. J. Wiley.

Ruohan Gao, Yen-Yu Chang, Shivani Mall, Li Fei-Fei, and Jiajun Wu. 2021. Objectfolder:
A dataset of objects with implicit visual, auditory, and tactile representations. arXiv
preprint arXiv:2109.07991 (2021).

Abhijeet Ghosh, Tongbo Chen, Pieter Peers, Cyrus A Wilson, and Paul Debevec. 2010.
Circularly polarized spherical illumination reflectometry. In ACM SIGGRAPH Asia
2010 papers. 1-12.

Abbhijeet Ghosh, Graham Fyffe, Borom Tunwattanapong, Jay Busch, Xueming Yu, and
Paul Debevec. 2011. Multiview face capture using polarized spherical gradient
illumination. ACM Transactions on Graphics (TOG) 30, 6 (2011), 1-10.


https://doi.org/10.1016/j.optlaseng.2014.12.008
https://doi.org/10.1016/j.optlaseng.2014.12.008
https://doi.org/10.1007/BF02320882
https://doi.org/10.1016/j.jbiomech.2012.05.004
https://doi.org/10.1016/j.matpr.2018.12.005

Marcelo Coelho Goiato, Alves Aldiéris Pesqueira, Daniela Micheline Dos Santos,
Marcela Filié Haddad, and Amalia Moreno. 2014. Photoelastic stress analysis in
prosthetic implants of different diameters: mini, narrow, standard or wide. Journal
of clinical and diagnostic research: JCDR 8, 9 (2014), ZC86.

Brian C Hall. 2000. An elementary introduction to groups and representations. arXiv
preprint math-ph/0005032 (2000).

Hanno Hammer. 2004. Characteristic parameters in integrated photoelasticity: an
application of Poincare’s equivalence theorem. Journal of Modern Optics 51, 4 (2004),
597-618.

Hanno Hammer and William RB Lionheart. 2005. Reconstruction of spatially inho-
mogeneous dielectric tensors through optical tomography. JOSA A 22, 2 (2005),
250-255.

Dan Hendrycks and Kevin Gimpel. 2016. Gaussian error linear units (gelus). arXiv
preprint arXiv:1606.08415 (2016).

Xiang-Run Huang and Robert W Knighton. 2002. Linear birefringence of the retinal
nerve fiber layer measured in vitro with a multispectral imaging micropolarimeter.
Journal of Biomedical Optics 7, 2 (2002), 199-204.

Inseung Hwang, Daniel S Jeon, Adolfo Munoz, Diego Gutierrez, Xin Tong, and Min H
Kim. 2022. Sparse ellipsometry: portable acquisition of polarimetric svbrdf and
shape with unstructured flash photography. ACM Transactions on Graphics (TOG)
41, 4 (2022), 1-14.

Dario Izzo and Pablo Gomez. 2021. Geodesy of irregular small bodies via neural density
fields: geodesynets. arXiv preprint arXiv:2105.13031 (2021).

S Joseph Antony. 2015. Imaging shear stress distribution and evaluating the stress
concentration factor of the human eye. Scientific reports 5, 1 (2015), 8899.

Yang Ju, Zhangyu Ren, Xiaolan Li, Yating Wang, Lingtao Mao, and Fu-Pen Chiang. 2019.
Quantification of Hidden Whole-Field Stress Inside Porous Geomaterials Via Three-
Dimensional Printing and Photoelastic Testing Methods. Journal of Geophysical
Research: Solid Earth 124, 6 (2019), 5408-5426. https://doi.org/10.1029/2018JB016835
_eprint: https://onlinelibrary.wiley.com/doi/pdf/10.1029/2018]JB016835.

Yang Ju, Zhangyu Ren, Lingtao Mao, and Fu-Pen Chiang. 2018a. Quantitative visualisa-
tion of the continuous whole-field stress evolution in complex pore structures using
photoelastic testing and 3D printing methods. Optics Express 26, 5 (March 2018),
6182-6201. https://doi.org/10.1364/OE.26.006182 Publisher: Optica Publishing
Group.

Yang Ju, Zhangyu Ren, Li Wang, Lingtao Mao, and Fu-Pen Chiang. 2018b. Photoelastic
method to quantitatively visualise the evolution of whole-field stress in 3D printed
models subject to continuous loading processes. Optics and Lasers in Engineering
100 (Jan. 2018), 248-258. https://doi.org/10.1016/j.optlaseng.2017.09.004

Achuta Kadambi, Vage Taamazyan, Boxin Shi, and Ramesh Raskar. 2015. Polarized
3d: High-quality depth sensing with polarization cues. In Proceedings of the IEEE
International Conference on Computer Vision. 3370-3378.

Agastya Kalra, Vage Taamazyan, Supreeth Krishna Rao, Kartik Venkataraman, Ramesh
Raskar, and Achuta Kadambi. 2020. Deep polarization cues for transparent object
segmentation. In Proceedings of the IEEE/CVF Conference on Computer Vision and
Pattern Recognition. 8602-8611.

Ruth Kasper, Pietro Di Biase, and Markus Feldmann. 2016. Quality control of tempered
glass panels with photoelasticity. Proceedings of the Institution of Civil Engineers-
Structures and Buildings 169, 6 (2016), 442-449.

Rishikesh Kulkarni and Pramod Rastogi. 2016. Optical measurement techniques —
A push for digitization. Optics and Lasers in Engineering 87 (Dec. 2016), 1-17.
https://doi.org/10.1016/j.optlaseng.2016.05.002

Douglas Lanman, Gordon Wetzstein, Matthew Hirsch, Wolfgang Heidrich, and Ramesh
Raskar. 2011. Polarization fields: dynamic light field display using multi-layer LCDs.
In Proceedings of the 2011 SIGGRAPH Asia Conference. 1-10.

Chenyang Lei, Chenyang Qi, Jiaxin Xie, Na Fan, Vladlen Koltun, and Qifeng Chen.
2022. Shape from polarization for complex scenes in the wild. In Proceedings of the
IEEE/CVF Conference on Computer Vision and Pattern Recognition. 12632-12641.

Aviad Levis, Andrew A Chael, Katherine L Bouman, Maciek Wielgus, and Pratul P
Srinivasan. 2024. Orbital polarimetric tomography of a flare near the Sagittarius A*
supermassive black hole. Nature Astronomy (2024), 1-9.

Ruilong Li, Hang Gao, Matthew Tancik, and Angjoo Kanazawa. 2023. NerfAcc: Efficient
Sampling Accelerates NeRFs. arXiv preprint arXiv:2305.04966 (2023).

Rui Li, Simeng Qiu, Guangming Zang, and Wolfgang Heidrich. 2020. Reflection sepa-
ration via multi-bounce polarization state tracing. In Computer Vision-ECCV 2020:
16th European Conference, Glasgow, UK, August 23-28, 2020, Proceedings, Part XIII 16.
Springer, 781-796.

Peng Lin, Bo Tao, and Yan Wang. 2024. PINN-based neural network for photoelastic
stress recovery. In Advanced Fiber Laser Conference (AFL2023), Vol. 13104. SPIE,
687-692.

William Lionheart and Vladimir Sharafutdinov. 2009. Reconstruction algorithm for the
linearized polarization tomography problem with incomplete data. Contemp. Math.
14 (2009), 137.

Youwei Lyu, Zhaopeng Cui, Si Li, Marc Pollefeys, and Boxin Shi. 2019. Reflection
separation using a pair of unpolarized and polarized images. Advances in neural
information processing systems 32 (2019).

16

Dave et al.

Haiyang Mei, Bo Dong, Wen Dong, Jiaxi Yang, Seung-Hwan Baek, Felix Heide, Pieter
Peers, Xiaopeng Wei, and Xin Yang. 2022. Glass segmentation using intensity and
spectral polarization cues. In Proceedings of the IEEE/CVF Conference on Computer
Vision and Pattern Recognition. 12622-12631.

Ben Mildenhall, Pratul P Srinivasan, Matthew Tancik, Jonathan T Barron, Ravi Ra-
mamoorthi, and Ren Ng. 2021. Nerf: Representing scenes as neural radiance fields
for view synthesis. Commun. ACM 65, 1 (2021), 99-106.

Thomas Miiller, Alex Evans, Christoph Schied, and Alexander Keller. 2022. Instant
neural graphics primitives with a multiresolution hash encoding. ACM Transactions
on Graphics (ToG) 41, 4 (2022), 1-15.

Trung Ngo Thanh, Hajime Nagahara, and Rin-ichiro Taniguchi. 2015. Shape and light
directions from shading and polarization. In Proceedings of the IEEE conference on
computer vision and pattern recognition. 2310-2318.

R. C. O’'Rourke. 1951. Three-Dimensional Photoelasticity. Journal of Applied Physics
22,7 (July 1951), 872-878. https://doi.org/10.1063/1.1700066

EA Patterson and ZF Wang. 1991. Towards full field automated photoelastic analysis of
complex components. Strain 27, 2 (1991), 49-53.

Charles Ruizhongtai Qi, Li Yi, Hao Su, and Leonidas J Guibas. 2017. Pointnet++: Deep
hierarchical feature learning on point sets in a metric space. Advances in neural
information processing systems 30 (2017).

Krishnamurthi Ramesh. 2021. Developments in Photoelasticity: A renaissance. IOP
Publishing.

K Ramesh, MP Hariprasad, and S Bhuvanewari. 2016. Digital photoelastic analysis
applied to implant dentistry. Optics and Lasers in engineering 87 (2016), 204-213.

K Ramesh, T Kasimayan, and B Neethi Simon. 2011. Digital photoelasticity - A com-
prehensive review. The Journal of Strain Analysis for Engineering Design 46, 4 (May
2011), 245-266. https://doi.org/10.1177/0309324711401501 Publisher: IMECHE.

Albert Reed, Thomas Blanford, Daniel C Brown, and Suren Jayasuriya. 2021. Implicit
neural representations for deconvolving sas images. In OCEANS 2021: San Diego—
Porto. IEEE, 1-7.

Albert Reed, Juhyeon Kim, Thomas Blanford, Adithya Pediredla, Daniel Brown, and
Suren Jayasuriya. 2023. Neural Volumetric Reconstruction for Coherent Synthetic
Aperture Sonar. ACM Transactions on Graphics (TOG) 42, 4 (2023), 1-20.

Jérémy Riviere, Ilya Reshetouski, Luka Filipi, and Abhijeet Ghosh. 2017. Polarization
imaging reflectometry in the wild. ACM Transactions on Graphics (TOG) 36, 6 (2017),
1-14.

Michele Scafidi, Giuseppe Pitarresi, Andrea Toscano, Giovanni Petrucci, Sabina Alessi,
and Augusto Ajovalasit. 2015. Review of photoelastic image analysis applied to
structural birefringent materials: glass and polymers. Optical Engineering 54, 8
(2015), 081206-081206.

Yoav Y Schechner, Srinivasa G Narasimhan, and Shree K Nayar. 2001. Instant dehazing
of images using polarization. In Proceedings of the 2001 IEEE Computer Society
Conference on Computer Vision and Pattern Recognition. CVPR 2001, Vol. 1. IEEE, I-L.

Johannes Lutz Schonberger and Jan-Michael Frahm. 2016. Structure-from-Motion
Revisited. In Conference on Computer Vision and Pattern Recognition (CVPR).

Vladimir Altafovich Sharafutdinov. 2012. Integral geometry of tensor fields. Vol. 1. Walter
de Gruyter.

Liyue Shen, John Pauly, and Lei Xing. 2022. NeRP: implicit neural representation
learning with prior embedding for sparsely sampled image reconstruction. IEEE
Transactions on Neural Networks and Learning Systems (2022).

Vincent Sitzmann, Julien Martel, Alexander Bergman, David Lindell, and Gordon
Wetzstein. 2020. Implicit neural representations with periodic activation functions.
Advances in neural information processing systems 33 (2020), 7462-7473.

Shukei Sugita, Eri Mizutani, Masatoshi Hozaki, Masanori Nakamura, and Takeo Mat-
sumoto. 2019. Photoelasticity-based evaluation of cellular contractile force for
phenotypic discrimination of vascular smooth muscle cells. Scientific Reports 9, 1
(March 2019), 3960. https://doi.org/10.1038/541598-019-40578-7 Publisher: Nature
Publishing Group.

David Szotten. 2011. Limited data problems in x-ray and polarized light tomography.
The University of Manchester (United Kingdom).

Pericles S. Theocaris and Emmanuel E. Gdoutos. 1979. Three-Dimensional Photoelas-
ticity. In Matrix Theory of Photoelasticity, Pericles S. Theocaris and Emmanuel E.
Gdoutos (Eds.). Springer, Berlin, Heidelberg, 132-163. https://doi.org/10.1007/978-
3-540-35789-6_8

Rachel A Tomlinson and Eann A Patterson. 2002. The use of phase-stepping for the mea-
surement of characteristic parameters in integrated photoelasticity. Experimental
Mechanics 42 (2002), 43-50.

Rachel A. Tomlinson and Zeike A. Taylor. 2015. Photoelastic materials and methods
for tissue biomechanics applications. Optical Engineering 54, 8 (May 2015), 081208.
https://doi.org/10.1117/1.0E.54.8.081208 Publisher: SPIE.

Silvia Tozza, William AP Smith, Dizhong Zhu, Ravi Ramamoorthi, and Edwin R Hancock.
2017. Linear differential constraints for photo-polarimetric height estimation. In
Proceedings of the IEEE international conference on computer vision. 2279-2287.

Borislav Trifonov, Derek Bradley, and Wolfgang Heidrich. 2006. Tomographic recon-
struction of transparent objects. In Eurographics Symposium on Rendering.


https://doi.org/10.1029/2018JB016835
https://doi.org/10.1364/OE.26.006182
https://doi.org/10.1016/j.optlaseng.2017.09.004
https://doi.org/10.1016/j.optlaseng.2016.05.002
https://doi.org/10.1063/1.1700066
https://doi.org/10.1177/0309324711401501
https://doi.org/10.1038/s41598-019-40578-7
https://doi.org/10.1007/978-3-540-35789-6_8
https://doi.org/10.1007/978-3-540-35789-6_8
https://doi.org/10.1117/1.OE.54.8.081208

NeST: Neural Stress Tensor Tomography by leveraging 3D Photoelasticity

VA Ushenko and MP Gorsky. 2013. Complex degree of mutual anisotropy of linear
birefringence and optical activity of biological tissues in diagnostics of prostate
cancer. Optics and Spectroscopy 115 (2013), 290-297.

Junpeng Wang, Christoph Neuhauser, Jun Wu, Xifeng Gao, and Ridiger Westermann.
2022. 3D-TSV: The 3D trajectory-based stress visualizer. Advances in Engineering
Software 170 (2022), 103144.

Li Wang, Yang Ju, Heping Xie, Guowei Ma, Lingtao Mao, and Kexin He. 2017. The
mechanical and photoelastic properties of 3D printable stress-visualized materials.
Scientific Reports 7,1 (Sept. 2017),10918. https://doi.org/10.1038/s41598-017-11433-4
Publisher: Nature Publishing Group.

Peng Wang, Lingjie Liu, Yuan Liu, Christian Theobalt, Taku Komura, and Wenping
Wang. 2021. Neus: Learning neural implicit surfaces by volume rendering for
multi-view reconstruction. arXiv preprint arXiv:2106.10689 (2021).

R. Weller. 1941. Three-Dimensional Photoelasticity Using Scattered Light. Journal of
Applied Physics 12 (Aug. 1941), 610-616. https://doi.org/10.1063/1.1712947 Publisher:
AIP ADS Bibcode: 1941JAP....12..610W.

Magdalena Wysocki, Mohammad Farid Azampour, Christine Eilers, Benjamin Busam,
Mehrdad Salehi, and Nassir Navab. 2024. Ultra-nerf: neural radiance fields for
ultrasound imaging. In Medical Imaging with Deep Learning. PMLR, 382-401.

Yiheng Xie, Towaki Takikawa, Shunsuke Saito, Or Litany, Shiqin Yan, Numair Khan,
Federico Tombari, James Tompkin, Vincent Sitzmann, and Srinath Sridhar. 2022.
Neural fields in visual computing and beyond. In Computer Graphics Forum, Vol. 41.
Wiley Online Library, 641-676.

Luwei Yang, Feitong Tan, Ao Li, Zhaopeng Cui, Yasutaka Furukawa, and Ping Tan.
2018. Polarimetric dense monocular slam. In Proceedings of the IEEE conference on
computer vision and pattern recognition. 3857-3866.

Lior Yariv, Jiatao Gu, Yoni Kasten, and Yaron Lipman. 2021. Volume rendering of neural
implicit surfaces. Advances in Neural Information Processing Systems 34 (2021),
4805-4815.

Pochi Yeh and Claire Gu. 2009. Optics of liquid crystal displays. Vol. 67. John Wiley &
Sons.

Jinyu Zhao, Yusuke Monno, and Masatoshi Okutomi. 2022. Polarimetric multi-view
inverse rendering. IEEE Transactions on Pattern Analysis and Machine Intelligence
(2022).

Ellen D Zhong, Tristan Bepler, Joseph H Davis, and Bonnie Berger. 2019. Reconstructing
continuous distributions of 3D protein structure from cryo-EM images. arXiv
preprint arXiv:1909.05215 (2019).

A ADDITIONAL DERIVATIONS FOR THE 3D
PHOTOELASTICITY IMAGE FORMATION MODEL

A.1  Derivation of principal stress

We are given the 2 X 2 projection §’ of a Cartesian stress tensor S
along the plane spanned by the orthonormal basis vectors u, v.

A [O'uv Ouv

39)

ulsv vIsy Oyv

= u’su  ulsv
Ouv

We aim to find basis vectors wy, wy in the same space spanned by
u, v such that the projected stress tensor corresponding to this new
basis $/ is diagonal (i.e. only normal stress and no tangential stress):

T T
wiSwi wiSwa| , ., . |lo1 O
=87 = 40
[W?SWZ w?Swz] 0 o9 (40)
We denote the two sets of basis vectors with matrices as,
[ | |
U=(fu v P=|w; wp (41)
[ | |
We can then rewrite Eq 39 and 40 as :
s’ =ulsu (42)
s” =pTsp. (43)

As w1, wy lie in the same space spanned by u,v we can relate wy, wy
to u, v by an orthogonal transformation matrix T as :

P=UT. (44)
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Substituting this equation to Eq. 43,

o1 0

0 o (45)

S’ =T1Ts'T = [

To diagonalize §’, T should correspond to the eigenvectors of §’.
As T is orthogonal, we can parametrize it with 6 as :

cos 0
T= [sin@

sin 0

cosff (46)

Substituting above equation into Eq 45 and comparing the elements
of the left and right hand side matrices, we get the following set of
equations:

Oun €082 0 — 204y cos 0 sin 0 + oyy sin® 0 = oy (47)
(0uu — Oyy) sin 0 cos 0 + ogy(cos? 0 — sin® 0) = 0 (48)
Guu Sin? 0 + 204y cos 0sin 0 + gyy cos? 0 = oy (49)
(50)
From Eq 48 and using trigonometric relations,
20,
tan 20 = Ll (51)
Oyv — Ouu
1 _ 20,
0= = tan l(i) . (52)
2 Oyv — Ouu
From Eq 44 and Eq 41,
w1 =ucosf+vsinf wy =usinf+vcosf. (53)

Thus, 0 is the angle made by w; and matches the definition in the
main paper. Subtracting Eq. 47 from Eq 47 and using trigonometric
relations, we have:

(oyv — Ouu) €08 20 + 204y sin 20 = oy — 01 (54)
Susbtituting value of theta from Eq. 52 and simplifying we get,
02 —01 = \/(va - O'uu)2 +ouy? . (55)

A.2  Derivation of our 3D photoelasticity formulation from
integrated photoelasticity equation

In Sec 4, we used the principal stress directions and values to de-
rive our approximate 3D photoelasticity forward model. Here we
derive our formulation from the more general stress optic relation
as demonstrated in prior works in integrated photoelasticity [Aben
1979; BuBller et al. 2015] and show how our forward model is an
approximation. We will later use this model for deriving the first-
order/linear approximation model. This projected stress tensor §’(t)
induces a weak birefringence along the ray at p(¢) [Aben 1979]. This
birefringence effect can be modeled as the change in the Jones vector
at that point through the stress-optic relation

dE(t)
— =G E 56
2 =GR, (56)
where G(t) depends on the projected stress as
i2 1 (s Y ’
G(t) = _ﬂ 2 (sll(t) 322(1')) le(t) (57)

A s12(0) =3 (s7,(8) = 55, (1))
Here C is the stress-optic coefficient that depends on the material
properties of the object and A is the wavelength of light.
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By defining o(¢) = % (sil(t) - séz(t)) and 7(t) = s7,(t) we can
denote G(t) as

(1)

[t
G =-i— [T(t) (1) . (58)
and the stress optic relation from Eq. 56 can be written as
dE(t)  27C |o(t) (1)
a [r(t) —o(t) . E®) (59)

Integrated photoelasticity [Aben 1979] aggregates the change in
Jones vector at each point along the ray from Eq. 59 aggregated to
obtain the net change of Jones vector along the ray as

v AE( Y
/t,, T‘/tn G(DE(®)

Bufller et al. [BuBller et al. 2015] compute this integral as Euler inte-
gration using the 4th order Runge Kutta (RK-4) algorithm. However,
this approach is not well suited for solving the inverse optimiza-
tion. Here we derive the Monte-Carlo integration formulation for
integrated photoelasticity and show how Poincaré’s equivalence
theorem [Hammer 2004] simplifies the integral computation.

(60)

Monte-Carlo Integration. Consider samples ¢; along the ray j =
1,2,...,N. Assuming G is constant between the samples ¢; and t;41,
integrated photoelasticity equation Eq. 61 between t; and t;41 can
be approximated as

tiv1 tiv1
/t,- dE(t):G(ti)/ti E(t)dt

E(ti+1) = Exp (G(t;)At;) E(t;)

where Exp is the complex matrix exponential function and At; =
ti+1 — tj. We denote the transformation from E(¢;) to E(tj+1) as the
Jones matrix J(t;):

(61)

(62)

J(ti) = Exp (G(t;)At;)

We can then express this Jones matrix as a function of projected
stress at t; by substituting G(¢) from Eq. 58:

(63)

N 2nC |o(t) (1) )
J(t)) = Exp ( i T [r(t) —o(t) At;] . (64)
In App. A.2.1, we show that Eq. 64 can be simplified as,
omC sin (—% oiz + le)
J(t;) = cos (—T‘[al.2+fi2)l+l G; (65)
o + 1

where we denote o(t;) and 7(t;) as o; and t; respectively. We define
the parameters J; and 0; that are termed in the photoelastic literature
as isochromatic and isoclinic parameters [Ramesh 2021].

41C 1 i
o = i a2 +Ti2 0; = Etan_l (2) (66)

A ! Ti
We can express the Jones matrix in terms of these parameters as,

sin 26;
— cos 20;

cos 20;
sin 20;

1 0
J(ti)=0055i/2[0 1

+isind;/2

} . (67)
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This Jones matrix can also be understood as that of a retarder ele-
ment with retardation § oriented with slow axis making an angle 6
with the ‘horizontal® basis vector u [Collett 2005].

A.2.1  Derivation of exp(jA) for a Symmetric, Trace-Free 2x2 Matrix.
Consider a symmetric, trace-free 2x2 matrix A defined as

A:(j _)

We aim to find the matrix exponential exp(jA) using the Taylor
series expansion for the matrix exponential, given by
xX: X3
exp(X)=I+X+E+§+~-,
where I is the identity matrix.
First, we find A2 as follows:

A2:0 T\ (o T:G'2+Tz 0
r —of/\t -o 0 o?+12)"

The Taylor series for exp(jA) can be separated into real and
imaginary parts as follows:

Real Part:
A At
J— — 4+ — — ...
20 4
Imaginary Part:
AP AS
JA—jgrtigr

Notice that higher powers of A cycle through combinations of I,
A, and A?. For example, A3 = A(A?) = A(6? + %) and so on. This
pattern allows us to simplify the series into sums involving I, A, and
A2,

Applying Euler’s formula exp(jx) = cos(x) + j sin(x), the real
and imaginary parts can be simplified as:

Real Part:
cos(Vo? +12)I

sin(Vo? + TZ)A
J
Vo2 + 12

Combining the real and imaginary parts, the final expression for
exp(jA) is:

Imaginary Part:

sin(Vo? + TZ)A
VoZ+o2

A.3  First order Approximation of Integrated
Photoelasticity

exp(jA) = cos(Va2 + ) + j

In Sec. 4, we derive that the effective Jones matrix along the ray can
be approximated as the product of Jones matrices. Here, we show
how the first-order approximation of this formulation leads to the
linear tensor tomography formulation [Sharafutdinov 2012] utilized
by prior works [Lionheart and Sharafutdinov 2009; Szotten 2011].

The effective Jones matrix is the matrix product of complex matrix
exponentials, expressed as,

N
Jnet = 1—[ Exp

i=1

(68)

—i%G(ti)At,—] E(ty)
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Using Baker-Campbell-Hausdorff (BCH) formula [Hall 2000], we
can express the logarithm of the product of two exponentials of
operators (or matrices) as a single exponential. For non-commuting
matrices A and B, it’s given by:

1 1

log(Exp(A)Exp(B)) = A+ B+ 2 [A B] + E([A, [A, B]] + [B, [B,Al])

LB (A [AB]]] +- -
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where [A, B] = AB — BA is the commutator of A and B.
Thus under first-order approximation, we can approximate the
product of complex exponentials in Eq as the exponential of the
sum of matrices

(69)

2nC N
Jnet = Exp | =i == ; G(t)A (70)
We denote the combined matrix Gpet as:
N 0y T
Guet = » G(t)At; = |Tnet met 71
net I:ZI ( l) 1 [Tnet —Opet ( )
Where
N
Onet = Z oilAt (72)
i=1
N
Tnet = Z T At (73)
i=1
2nC
Jnet = Exp [_iTGnet] (74)
Using derivation in App. A.2.1, this can be simplified as
: 27C | 2 2
27C s (_% Gnet + Tnet)
Jnet = cos (_T oﬁet + T]’zlet) I+ - - Ghet
\/Gnet + Tnet
(75)

We define the parameters § and 0 that are termed in the photoe-
lastic literature as isochromatic and isoclinic parameters [Ramesh
2021].

47C
8= _T O-rzlet + Trzlet (76)
20 = tan~! (@) (77)
Tnet
. cos @ sin 6
Jnet = cos 51+ jsin§ [sin 0 _cos 9] (78)

A.4  Expressions for all the captured polariscope
measurements

In Table 1, we provide expressions for all the 16 measurements
we capture with our acquisition setup for each object rotation. As
described in Sec. 7.1, we capture raw measurements with the polar-
ization camera by varying QWP1 (1) and QWP2(f) rotations with
LP1 (1) set to 90 degrees. We derive the expressions for the cap-
tured intensity Icap as a function of both the unique elements in the
Jones matrix (aeq, beg Ceqs deq) and the characteristic parameters
(8eq> Beqs Yeq)- We drop the subscript,eq, in the table for simplicity.
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Y’ =2y — 0. From Tab. 1, it is evident that all the measurements are
a function of 6 unique expressions I to I as described in Sec. 7.1.

L pn B ZIcap((S’ 0.y) Icap(a: b,c,d)
Iy 45° 0° 0° 1-sindsin26 1 — 2ac +2bd
I, 45° 0° 45° 1-cos$ 2b? + 2¢?
I, 45° 0° 90° 1+ sindsin20 1+ 2ac — 2bd
I 45° 0° 135° 1+4cosd 2a? + 2d?
I, 45°45° 0 1+4cosd 2a? + 2d?
I; 45° 45° 45° 1+sind cos260 1+ 2ab + 2cd
Is 45°45° 90° 1 —cosd 2b2 + 2¢2
I; 45°45° 135° 1 — sin S cos 20 1—2ab - 2cd
Iy 90° 0° 0° 1-— cos2y’ cos20 — sin2y’ sin20 cosd 2¢% + 2d?
Iy 90° 0° 45° 1+sindsin2y’ 1+ 2ac +2bd
Iip 90° 0° 90° 1+ cos2y’ cos26 + sin 2y’ sin 20 cos & 2a* + 2b?
I;; 90° 0° 135° 1 —sindsin2y’ 1 - 2ac — 2bd
Iz 90°45° 0° 1-sindsin2y’ 1 - 2ac — 2bd
I3 90° 45° 45° 1 — cos2y’sin20 +cos20sin2y’ cos§ 1+ 2ad — 2bc
T4 90° 45° 90° 1+ sindsin2y’ 1+ 2ac + 2bd
L5 90° 45° 135° 1+ cos2y’ sin26 — cos20sin2y’ cos§ 1 — 2ad + 2bc

Table 1. Expressions for captured intensity measurements as a function of
both unique elements of the equivalent Jones matrix and the characteristic
parameters of the equivalent Jones matrix. The subscript, eq, is dropped for
simplicity.

B CAPTURE SETUP DETAILS
B.1

Our polariscope setup involves mechanical rotations of the illu-
mination linear polarizer LP1 and quarter-wave plate QWP1 and
motorized rotation of the camera quarter-wave plate QWP2. The
camera linear polarizer LP2 has fixed rotations at four angles: 0,
45, 90 and 135 degrees because LP2 corresponds to a polarizer grid
within the linear polarizer camera that is placed directly on top of
the sensor. In our setup, we need to ensure that the rotations for all
the polariscope elements are defined based on the same reference
coordinate system. We consider the coordinate system of LP1 as the
fixed coordinate system and sequentially calibrate the rotations for
LP2, QWP1, and QWP2 based on this coordinate system. By con-
sidering no specimen and only free space between the illumination
and the camera, we utilize analytical expressions of the obtained
intensity as a function of the polariscope element angles to perform
this sequential calibration.

Calibration of polariscope angles

B.2 Calibration of multi-axis rotation

In order to calculate the pose of the camera relative to the object, a
calibration process is required. Both the lens intrinsics and extrinsics
are unknown, so we must calibrate both. We rely on COLMAP
[Schonberger and Frahm 2016] to calculate these. The procedure is
performed in three steps:
(1) Complete a capture of a high-contrast object with the full
azimuth and elevation ranges, respectively.
(2) Run COLMAP [Schonberger and Frahm 2016] on the ac-
quired images.
(3) Fit a regularly-spaced grid to the pose estimates.
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Fig. 17. Evaluation on additional simulated datasets. We evaluate the
accuracy of NeST on estimating stress tensor fields and on rendering po-
lariscope measurement cosdeq on additional datasets created using the
3D-TSV stress field dataset [Wang et al. 2017].

Measurement Estimated Stress Field

c0s 8, X slice Y slice Z slice

NeST-linear

NeST-general

Ground Truth

Fig. 18. NeST-linear vs NeST-general on simulated dataset. By utiliz-
ing the more general non-linear forward model, NeST-general fits better
to the complex photoelastic fringes for the BEARING dataset and the esti-
mated stress field is closer to the ground truth compared to using the more
approximate linear forward model.
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Fig. 19. Evaluation of polariscope measurements rendered by NeST
for additional real object. We estimate the underlying residual stress field
in a plastic box using NeST and show that the polariscope measurements
rendered on held out rotations match the ground truth.

The regularly-spaced grid assumes the relative pose between the
camera and object remains fixed, and so the pose offset from this
grid is the calibrated pose.

B.3 Component List

Table 2 contains a list of components used to build our multi-axis
polariscope experimental setup (Sec. 7.1).

Component Vendor Part number
LED Panel NEEWER PT-1765
QWP1 Izgut Raw3D
Rotation Stage (x2) Thorlabs HDR50
Bandpass Filter Thorlabs FLH532-10
QWP2 Newport 10RP44-1
QWP2 Rotation Mount | Thorlabs ELL14
DSLR Lens Nikon NIKKOR 50mm 1.4
Polarization Camera LUCID PHX050S-OC

Table 2. Various components used to build the prototype.

B.4 Object Masking

We mask out the background from the captured measurements
for computing rendering loss and for visualization purposes. The
background pixels corresponds to either the light rays that pass from
illumination to the detection without encountering the object or
the light rays that get occluded due to the object’s mount. Occluded
pixels have intensity close to zero and are thresholded out. We
observe that the light rays that do not pass through the object
have degree of linear polarization (DOLP) close to 1. We compute
the degree of polarization (DOLP) from all the raw measurements
captured at the polarization camera per object rotation and use the
minimum DoLP to mask out the background pixels passing from
free space.
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