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Abstract

Many researchershave beenarguing that geometry, bump maps,
andBRDFspresentahierarchyof detailthatshouldbeexploitedfor
ef�cient renderingpurposes.In practicehowever, this is oftennot
possibledueto inconsistenciesin the illumination for thesediffer-
ent levelsof detail. For example,while bumpmaprenderingoften
only considersdirectilluminationandnoshadows,geometry-based
renderingandBRDFswill mostly alsorespectshadowing effects,
and in many caseseven indirect illumination causedby scattered
light.

In this paper, we presentan approachfor overcomingthesein-
consistencies.Weintroduceaninexpensivemethodfor consistently
illuminating height �elds and bump maps,as well as simulating
BRDFsbasedon precomputedvisibility information.With this in-
formationwecanachieveaconsistentilluminationacrossthelevels
of detail.

Themethodwe proposeofferssigni�cant performancebene�ts
overexistingalgorithmsfor computingthelight scatteringin height
�elds andfor computinga sampledBRDF representationusinga
virtual goniore�ectometer. The performancecan be further im-
proved by utilizing graphicshardware,which thenalsoallows for
interactive display.

Finally, our methodalsoapproximatesthechangesin illumina-
tion when the height �eld, bump map, or BRDF is applied to a
surfacewith a differentcurvature.

CR Categories: I.3.1 [Computer Graphics]: Hardware
Architecture—Graphicsprocessors;I.3.3 [Computer Graphics]:
Picture/ImageGeneration—Bitmapand frame buffer operations;
I.3.7 [Computer Graphics]: Three-DimensionalGraphics and
Realism—Color, Shading,Shadowing andTexture

Keywords: IlluminationEffects,MonteCarloTechniques,Graph-
icsHardware,FrameBuffer Tricks,Re�ectance& ShadingModels,
TextureMapping

1 Intr oduction

Geometry, bump mapsand bidirectional re�ectance distribution
functions(BRDFs) are often considereddifferent levels of detail
for thesamesurfacestructure.Although therehasbeena consid-
erableamountof work on generatingsmoothtransitionsbetween
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theselevels [19, 1], the fundamentalproblemof inconsistentillu-
minationalgorithmsfor therepresentationsstill remains.

For example,bothsimulatedandmeasuredBRDFstypically re-
spectnotonly directillumination,but alsoshadowing andmasking
effectsof the micro geometry, aswell as indirect illumination re-
sultingfrom light thatscattersbetweenthemicro surfaces.Geom-
etry basedrepresentationsusuallyconsiderdirect illumination and
shadowing/masking,but theindirectillumination is oftenneglected
for performancereasons.Similarly, techniquesfor shadowing [19]
andmasking[1] in bumpmapshave beendeveloped,but mostap-
plicationsdo not usethem;techniquesfor light scatteringin bump
mapshavenotbeenavailablesofar. Theimportanceof thisindirect,
scatteredlight to theoverall appearanceis illustratedin Figure1.

(a) withoutscattering (b) with scattering

Figure1: Indirectlight in height�elds canhave a strongimpacton
theoverall appearance.

With the advent of new, inexpensive computergraphicshard-
ware that supportsboth bump mapping(see[23], [22], and [10]
for somepossibleimplementations)and renderingwith arbitrary
BRDFs[15, 10], somenewly gainedinterestin makingthe transi-
tions consistenthasevolved. In this paperwe introducea single,
ef�cient, but high-qualitymethodfor illuminating height�eld ge-
ometryandbump maps,aswell asfor precomputingBRDFsand
evenhigherdimensionaldatastructures.Themethodis suitablefor
bothray-tracingandhardware-acceleratedrendering.

Ouralgorithmis basedonprecomputationandreuseof visibility
informationin height�elds, simulatesbothshadowing andindirect
illumination,andis ableto approximatetheilluminationastheun-
derlyingbasegeometrychanges.Thusit is capableof consistently
illuminating height�eld geometry, bump maps,andBRDFs. The
maincontributionsof this paperare:

� An algorithm for ef�cient computationof indirect light in
height�elds, basedon precomputedvisibility information.

� An ef�cient representationfor shadowing and masking in
bumpmaps.

� Hardware-acceleratedversionsof the above algorithms,us-
ing a generalizationof MonteCarloalgorithmsknown asthe
“Methodof DependentTests”.

� Techniquesto approximatethechangesin illumination when
theheight�eld is appliedto acurvedsurface.



� Application of all methodsto simulateBRDFs and render
otherhighdimensionaldatastructuressuchaslight �elds and
bidirectionaltexturefunctions(BTFs).

Throughoutthis paperwewill only dealwith height�eld geom-
etry, whichalsomeansthatthesimulatedBRDFscanonly originate
from height�elds. Furthermore,we assumethat thebumpheights
arerelatively small comparedto their distancefrom light sources
and other objects,so that the only occlusionsoccurringwithin a
hight �eld arecausedby partsof thesameheight�eld, but not by
any othergeometryin thescene.

Theremainderof thispaperis organizedasfollows: In Section2
we brie�y discussrelatedwork. Then,we introduceourdatastruc-
turesfor precomputedvisibility andtheir applicationsto comput-
ing indirect illumination in Section3. We also describehow to
make useof graphicshardware for further performanceimprove-
mentsandinteractiveviewing (Section3.3),andintroducenew data
structuresfor shadowing andmaskingin Section4. Wethendiscuss
how to adaptboth thescatteringandtheshadow datastructuresto
varyingbasegeometry(Section5), and�nally concludewith some
resultsanda discussion(Section6).

2 Related Work

Articlesthatdiscussenhancingtheoriginalbumpmapalgorithm[2]
representsomeof thework mostcloselyrelatedto ours.For exam-
ple, Max [19] shows how to computetheself-shadowing of bump
mapswith a so-called“horizon map”. This horizonmapdescribes
thehorizonfor a small numberof directions(8 in theoriginal pa-
per)at eachpoint in theheight�eld. During rendering,theshadow
testthensimply determineswhetherthe light directionis above or
below the(interpolated)horizon.Stewart [26, 27] introduceda hi-
erarchicalapproachto determinethe visibility in terrainsboth for
occlusionculling andshading.More recently, Stewart useda simi-
lar ideato simulatetheshadowing in cloth [28].

For the shadowing part of our paper, we usea conceptsimilar
to theoriginal horizonmap,but in a differentrepresentationof the
horizon that allows for a highly ef�cient shadow test, which can
alsobeperformedwith graphicshardware. In addition,we discuss
how thedatastructurecanbeadaptedto differentcurvaturesof the
underlyingbasegeometry.

Maskingis in asenseadualproblemto shadowing: whereshad-
owing meansthat a light ray doesnot hit a speci�c surfacepoint
becauseit is occludedby someportion of the height �eld, mask-
ing meansthat theviewing ray doesnot hit thepoint for thesame
reason. In order to incorporatemaskingin bump maps,Becker
andMax [1] introducedredistribution bump mapping, which ad-
juststhedistributionof normalsin thebumpmapwith theviewing
angle. Anotherpossibility is to blendin coarseapproximationsof
theheight�eld asa displacementmap. In our implementation,we
takethislatterapproach,althoughusingtheresultsfrom Beckerand
Max shouldalsobepossible.Furthermore,we canreusethehori-
zondatastructures,whichwealsoapplyfor shadowing, to compute
BRDFs.

So far, therehasbeenlittle work on computingthe indirect il-
luminationin height�elds andbump maps.AlthoughMostefaoui
et al. [20] do integratethe indirect illumination at micro geometry
scaleinto a global illumination simulation,their methodrelieson
bothprecomputeddata(BTFs)anda full geometricdescriptionof
thefeatures.It doesnotaddresstheproblemof precomputingthese
BTFs,or of computingtheillumination in bumpmaps.

Several approachesfor simulatingBRDFshave beenproposed
in the past. The methodby Cabralet al. [3] is basedon horizon
maps,while Becker andMax [1] usethe normaldistribution in a
bump map. Our methodis most closely relatedto the one from
Westinet al. [31], which is basedonray-tracing.At thesametime,

we borrow the ideaof usingprecomputedvisibility informationin
bumpmapsfrom Cabralet al. [3], althoughour datastructuresare
morecomprehensive thansimplehorizonmapsin orderto account
for indirectillumination.

For the hardware-acceleratedvariantsof our algorithmswe re-
quire someway of renderingbump mappedsurfaces. Any of the
recentlypublishedalgorithms(e.g. [10, 22, 23]) will besuf�cient.
Mathematically, thehardwareimplementationof indirectillumina-
tion usesa generalizationof MonteCarlointegrationknown asthe
Methodof DependentTests[7]. Thismethod,which is describedin
moredetail in Section3.1,usesthesamerandomsamplingpattern
for estimatinganintegral at all differentpoints(theindirect illumi-
nationin all differentpointsof a height�eld, in our case).Several
otherhardware-basedalgorithmshave implicitly usedthe Method
of DependentTestsin thepast,for examplemostalgorithmsusing
the accumulationbuffer [9] or the InstantRadiosityalgorithmby
Keller [16]. Anotherexampleis thetransilluminationmethod[29],
analgorithmfor global illumination computations,which is based
onpropagatinglight from all surfacesin onedirection.Ourmethod
improvesonthisby usingprecomputedvisibility thatcanbereused
for many light paths,andallows for theuseof graphicshardware.

While our algorithmsyield a signi�cant performanceimprove-
mentfor thegenerationof singleimages,they areevenmoreattrac-
tive for thecomputationof higherdimensionaldatastructuressuch
asBRDFs,light �elds [18, 8], volumerepresentations[21], andspa-
tially variantBRDFsor bidirectionaltexturefunctions(BTFs,[5]),
becausethis allows for a reuseof theprecomputedvisibility infor-
mation.Thus,thecostlyprecomputationof visibility canbeamor-
tizedovera largeramountof reuses.For thesamereasonourmeth-
odsareevenmoreattractive if appliedto periodicheight�elds.

3 Light Scattering in Height Fields

To computethe indirect illumination in a height �eld, we have to
solveanintegralequationcalledtheRenderingEquation[13]. This
requiresintegratingover the incidentillumination in eachpoint of
the height �eld, which can,for example,be achieved with Monte
Carlo ray-tracing. The most expensive part of this integration is
typically the visibility computation,which determinesthe surface
visible from a givensurfacepoint in a certaindirection.This is the
part that dependson the complexity of the scene,while the com-
putationof the local interactionof the light with thesurfacehasa
constanttime complexity.

In the caseof small-scaleheight �elds that describethe irreg-
ularitiesof a surface,we canmake two simplifying assumptions.
Most importantly, we only dealwith caseswherethevisibility in-
side the height �eld is completelydeterminedby the height �eld
itself, andnot by any externalgeometry. This is equivalent to re-
questingthatnoexternalgeometrypenetratestheconvex hull of the
height�eld, which is a reasonableassumptionfor thekind of small
surfacestructuresthatwe aretargeting.It allows usto precompute
thevisibility information,andafterwardscombineit to a varietyof
differentpaths,sothatthecostof its computationcanbeamortized
over a largernumberof light paths.

Secondly, in thecasewherewe want to useour methodto com-
pute a BRDF, we requestthat the height �eld geometryis small
comparedto theremainderof thescene,andthereforeany incom-
ing direct light canbe assumedparallel. This is necessarysimply
becausetheBRDFby de�nition is a functionof exactlyoneincom-
ing directionandexactlyoneoutgoingdirection. This assumption
is not necessaryfor the otherlevels of detail, i.e. bump mapsand
displacementmaps.

The visibility restrictionrequeststhat no othergeometryin the
scenewill actasanoccluderbetweentwo pointsin theheight�eld.
If we now assumethe height �eld is attachedto a speci�c, �x ed
basegeometry, we can,for a givenpoint p on theheight�eld, and



a given direction ~d, precomputewhetherthe ray originatingat p
in direction ~d hits someother portion of the height �eld, or not.
Furthermore,if it doesintersectwith theheight�eld, we canpre-
computethe intersectionpoint andstoreit in a database. Since
this intersectionpoint is somepoint in the sameheight �eld, it is
unambiguouslycharacterizedby a 2D texturecoordinate.

Figure2: Oneof thescatteringtexturesSi for thetriangularheight
�eld on theright.

Now imaginehaving a setD of N uniformly distributeddirec-
tions, andhaving precomputedthe visible surfacepoint for every
direction ~d 2 D andfor every grid point in the height �eld tex-
ture. If theheight�eld is periodic,this hasto betakeninto account
for determiningthis visibility information. Also, for the moment
we assumethat theheight�eld is appliedto a speci�c basegeom-
etry, typically a �at surface. Section5 dealswith anadaptationto
varyingbasegeometries.

Westorethisprecomputeddataasasetof N texturemapsSi ; for
eachdirection~di 2 D thereis one2D texturewith two components
representingthe2D coordinatesof thevisible point. Eachof these
texturesis parameterizedthe sameway the height�eld is, i.e. the
2D texturecoordinatesdirectly correspondto height�eld positions
p. Thetexturevaluealsocorrespondsto a point in theheight�eld
andrepresentsthe surfacepoint q that is visible from p in direc-
tion ~di . Noteagain,that thesevisibility texturesareonly valid for
a given, prede�nedbasegeometryto which the height �eld is at-
tached.Section5 will describehow this informationcanbeusedto
illuminatetheheight�eld whenit is attachedto othergeometries.

By chainingtogetherthisvisibility information,wecannow gen-
eratea multitudeof differentlight pathsfor computingtheindirect
illumination in the height �eld. This way, it is possibleto imple-
mentvariantsof many existing MonteCarloalgorithms,usingthe
precomputeddatastructuresinsteadof on-the-�y visibility compu-
tations.Below, for example,we outlinea simplepathtracingalgo-
rithm that computesthe illumination at a given surfacepoint, but
ignoresindirectlight from geometryotherthantheheight�eld:

radiance( p, ~v ) f
L:= direct illumination( p );
i:= random number in [1 : : : N ];
if( q := Si [p] is valid height field coord.) f

L:= L + f r (p;~v; ~di ) � cos(6 ( ~di ; ~np )) �
radiance( q, � ~di );

g
return L;

g

In this algorithm,~np is the bump mapnormal in point p, and
f r (p;~v; ~di ) is theBRDF of the height�eld in thatpoint. Thedi-
rect illumination in eachpoint is computedusinga bumpmapping
technique.

Of coursethe visibility information for direction Si is only
known at discreteheight �eld grid positions. At otherpoints,we

canonly exactly reconstructthedirect illumination,while theindi-
rect light hasto be interpolated.For example,we cansimply use
the visibility informationof the closestgrid point asSi [p]. This
nearest-neighborreconstructionof thevisibility informationcorre-
spondsto aquantizationof texturecoordinates,sothatthesealways
point to grid pointsof theheight�eld. For higherquality, we can
alsochooseabilinearinterpolationof theindirectilluminationfrom
surroundinggrid points.In our implementation,weusethenearest-
neighborapproachfor all secondaryintersectionsby simply quan-
tizing the texturecoordinatesencodedin thevisibility texturesSi .
On theotherhand,we usetheinterpolationmethodfor all primary
intersectionsto avoid blocking artifacts. Figure1b shows a result
of thismethod.For morecomplex examples,seeSection6.

The simple algorithm above ignoresshadowing, but with the
techniquedescribedin Section4, which is similar to the one in-
troducedby Max [19], shadows canalsobeincluded.

Using similar methods,otherMonte Carlo algorithmslike dis-
tribution ray-tracing[4] can alsobe built on top of this visibility
information.Theadvantageof usingprecomputedvisibility for the
light scatteringin height�elds, asdescribedin this section,is that
the visibility informationis reusedfor differentpaths. Therefore,
thecostof computingit canbeamortizedover severaluses.

3.1 The Method of Dependent Tests

As mentionedabove,wehave to solvetheRenderingEquation[13]
in order to determinethe indirect illumination in a height �eld.
Basedontheprecomputedvisibility information,wesolvetheRen-
deringEquationby MonteCarlointegrationof theincidentillumi-
nationat any givensurfacepoint, andobtainthere�ected radiance
for thatpointanda givenviewing direction.

In general,however, we do not only want to computethe re-
�ected light for asinglepointon theheight�eld, but typically for a
largenumberof points.With standardMonteCarlointegration,we
would usedifferent, statistically independentsamplepatternsfor
eachof thesurfacepointswe areinterestedin.

TheMethodof DependentTests[7] is ageneralizationof Monte
Carlotechniquesthatusesthesamesamplingpatternfor all surface
points.More speci�cally, we choosethesamesetof directionsfor
samplingthe incident light at all surfacepoints. For example,as
depictedin Figure3, for all pointsp in theheight�eld, we collect
illumination from thesamedirection~di .

As pointedout by Keller [17], thereareseveral instancesin the
computergraphicsliterature,wheretheMethodof DependentTests
hasbeenappliedimplicitly [9, 16]. For example,oneof the stan-
dardalgorithmsfor theaccumulationbuffer [9] is a depth-of-�eld
effect, which usesidenticalsamplingpatternsof the lensaperture
for all pixels. It hasbeenshown by Sobol[25] that theMethodof
DependentTestsis anunbiasedvariantof MonteCarlointegration.
Recently, hierarchicalversionsof the Methodof DependentTests
have beenproposed[11, 17], but we do not currentlymake useof
theseresults.

3.2 Dependent Test Implementation of Light Scat-
tering in Height Fields

Basedon the Methodof DependentTests,we canrewrite Monte
Carloalgorithmsasasequenceof SIMD operationsthatoperateon
thegrid cellsof theheight�eld. Considerthelight pathin Figure3.
Light hits theheight�eld from direction~l, scattersat eachpoint in
direction� ~di 2 D , andleavesthe surfacein the directionof the
viewer~v.

Sinceall thesevectorsareconstantacrossthe height �eld, the
only varyingparametersarethesurfacenormals.Morespeci�cally,
for theradianceleaving a grid point p in direction~v, theimportant



vÝ

- l
Ý

p q

- d
Ý

i

Figure3: With theMethodof DependentTests,thedifferentpaths
for the illumination in all surfacepoints are composedof pieces
with identicaldirections.

varyingparametersarethenormal~np , thepoint q := Si [p] visible
from p in direction~di , andthenormal~nq in thatpoint.

In particular, theradiancein direction~v causedby light arriving
from direction~l andscatteredoncein direction� ~di is givenby the
following formula.

L o(p;~v) = f r (~np ; ~di ; ~v) < ~np ; ~di > �
�

f r (~nq ;~l ; � ~di ) < ~nq ;~l > �L i (q;~l )
�

: (1)

Usually, the BRDF is written as a 4D function of the incoming
and the outgoingdirection, both given relative to a local coordi-
nateframewherethelocalsurfacenormalcoincideswith thez-axis.
In a height�eld setting,however, theviewing andlight directions
aregivenin someglobalcoordinatesystemthatis notalignedwith
the local coordinateframe,so that it is �rst necessaryto perform
a transformationbetweenthe two frames.To emphasizethis fact,
we have denotedtheBRDF asa functionof theincomingandout-
goingdirectionaswell asthesurfacenormal. If we planto usean
anisotropicBRDFonthemicrogeometrylevel,wewouldalsohave
to includea referencetangentvector.

Notethatthetermin parenthesisis simplythedirectillumination
of a height �eld with viewing direction � ~di , with light arriving
from~l. If we precomputethis termfor all grid pointsin theheight
�eld, we obtaina textureL d containingthedirect illumination for
eachsurfacepoint. This texture can be generatedusing a bump
mappingstepwhereanorthographiccamerapointsdown onto the
height �eld, but � ~di is usedas the viewing directionfor shading
purposes.

Oncewe have L d , the secondre�ection is just anotherbump
mappingstepwith ~v as the viewing directionand ~di as the light
direction. This time, the incomingradianceis not determinedby
the intensity of the light source,but ratherby the contentof the
L d texture.For eachsurfacepoint p we look up thecorresponding
visible point q = Si [p]. The outgoingradianceat q, which is
storedin the texture as L d [q], is at the sametime the incoming
radianceatp.

Thus, we have reducedcomputingthe once-scatteredlight in
eachpoint of theheight�eld to two successive bumpmappingop-
erations,wherethe secondone requiresan additional indirection
to look up theillumination. We caneasilyextendthis techniqueto
longerpaths,andalsoaddin thedirecttermateachscatteringpoint.
This is illustratedin theFigure4.

For thetotal illumination in a height�eld, wesumup thecontri-
butionsfor severalsuchpaths(some40-100in mostof ourscenes).
Thisway, wecomputetheillumination in thecompleteheight�eld
atonce,usingtwo SIMD-styleoperationson thewholeheight�eld
texture: bumpmappingfor direct illumination,usingtwo givendi-
rectionsfor incoming andoutgoinglight, as well as a lookup of
the indirect illumination in a texture map using the precomputed
visibility datain form of thetexturesSi .

This is in itself a performanceimprovementover the regular
MonteCarloalgorithmspresentedbefore,becausetheillumination
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Figure4: Extendingthedependenttestscatteringalgorithmto mul-
tiple scattering.Eachbox indicatesa texturethat is generatedwith
regularbumpmapping.

in onegrid cell will contributeto many otherpointson thesurface
in the�nal imagevia light scattering.In contrastto standardMonte
Carlo,our dependenttestapproachavoidsrecomputingthis contri-
bution for eachindividual pixel.

What remainsto be doneis an ef�cient testof whethera given
point lies in shadow with respectto thelight direction~l. While it is
possibleto interpolatethis informationdirectly from thevisibility
databaseSi , we canalso �nd a moreef�cient, althoughapproxi-
materepresentation,thatwill bedescribedin Section4.

3.3 Use of Graphics Hardware

In additionto theabove-mentionedperformanceimprovementswe
get from the implementationof theMethodof DependentTestsin
software,we canalsoutilize graphicshardware for an additional
performancegain. In recentgraphicshardware,bothon thework-
stationandon theconsumerlevel, several new featureshave been
introducedthat we can make useof. In particular, we assumea
standardOpenGL-like graphicspipeline[24] with someextensions
asdescribedin thefollowing.

Firstly, we assumethe hardware has someway of rendering
bump maps. This caneitherbe supportedthroughspeci�c exten-
sions(e.g. [22]), or throughthe OpenGLimagingsubset[24], as
describedby HeidrichandSeidel[10]. Any kind of bumpmapping
schemewill besuf�cient for ourpurposes,but thekind of re�ection
modelavailablein this bumpmappingstepwill determinewhatre-
�ection modelwe canuseto illuminateourhight �eld.

Secondly, we will needa way of interpretingthe components
storedin onetextureor imageastexturecoordinatespointing into
anothertexture. Oneway of supportingthis is the so-calledpixel
texture extension[12, 10], which performsthis operationduring
transferof imagesinto theframebuffer, andis currentlyonly avail-
ableon somehigh-endSGI machines.Alternatively, we canuse
dependenttexture lookups, a variantof multi-texturing, thathasre-
cently beenannouncedby several vendorsfor the next generation
of consumerlevel hardware (the Matrox G400offers a restricted
versionof this today). With dependenttexturing, we canmaptwo
or moretexturessimultaneouslyonto an object,wherethe texture
coordinatesof thesecondtextureareobtainedfrom thecomponents
of the�rst texture.This is exactly thefeaturewearelooking for. In
casewe have hardwarethat supportsneitherof the two, it is quite
simple,althoughnotveryfast,to implementthepixel textureexten-
sion in software: the framebuffer is readout to mainmemory, and
eachpixel is replacedby avaluelookedupfrom atexture,usingthe



previouscontentsof thepixel astexturecoordinates.
Using thesetwo features,dependenttexturing andbump map-

ping,theimplementationof thedependenttestmethodasdescribed
above is simple.As mentionedin Section3.2anddepictedin Fig-
ure 3, the scatteringof light via two pointsp andq in the height
�eld �rst requiresusto computethedirect illumination in q. If we
do this for all grid pointswe obtaina textureL d containingthere-
�ected light causedby the direct illumination in eachpoint. This
texture L d is generatedusing the bump mappingmechanismthe
hardwareprovides. Typically, the hardwarewill supportonly dif-
fuseandPhongre�ections,but if it supportsmoregeneralmodels,
thenthesecanalsobeusedfor ourscatteringimplementation.

Thesecondre�ection in p isalsoabumpmappingstep(although
with differentviewing- andlight directions),but thistimethedirect
illumination from thelight sourcehasto bereplacedby a per-pixel
radiancevaluecorrespondingto there�ected radianceof thepoint
q visible from p in the scatteringdirection. We achieve this by
bump mappingthe surfacewith a light intensityof 1, andby af-
terwardsapplyinga pixel-wisemultiplication of the value looked
up from L d with thehelp of dependenttexturing. Figure5 shows
how to conceptuallysetupamulti-texturingsystemwith dependent
texturesto achieve this result.

Si
p

q

Li
Ld

Figure5: For computingtheindirectlight with thehelpof graphics
hardware, we conceptuallyrequirea multi-texturing systemwith
dependenttexture lookups. This �gure illustrateshow this system
hasto be set up. Boxes indicateone of the two textures,while
incomingarrowssignaltexturecoordinatesandoutgoingonesmean
theresultingcolorvalues.

The �rst texture is the Si that correspondsto the scatteringdi-
rectiondi . For eachpoint p it yields q, the point visible from p
in directiondi . ThesecondtextureL d containsthere�ecteddirect
light in eachpoint,whichactsasanincomingradianceat p.

By usingthis hardwareapproach,we treatthegraphicsboardas
a SIMD-like machinewhich performsthe desiredoperations,and
computesone light path for eachof the grid points at once. As
shown in Section6, thisuseof hardwaredramaticallyincreasesthe
performanceover thesoftwareversionto analmostinteractive rate.

4 Appr oximate Bump Map Shado ws

As mentionedin Section3.1,wecansimplyusescatteringinforma-
tion storedin Si for determiningtheshadows castin a height�eld.
For example,to determineif a given grid point p lies in shadow
for somelight direction,we couldsimply �nd theclosestdirection
~di 2 D , andusetexture Si to determinewhetherp seesanother
pointof theheight�eld in direction~di .

For a higherquality test,we canprecomputea triangulationof
all pointspointsontheunit spherecorrespondingto theunit vectors
~di (sincethesetof directionsis thesamefor all surfacepoints,this
is just one triangle meshfor all points on the height �eld). The
sametriangulationwill laterbeusedin Section5 for otherpurposes.
Basedonthismesh,wecaneasilydeterminethethreedirections~di

that are closestto any given light direction, and then interpolate
thosedirections' visibility values. This yields a visibility factor
between0 and 1 de�ning a smoothtransitionbetweenlight and
shadow.

Althoughthisapproachworks,wehavealsoimplementedamore
approximatemethodthatis bettersuitedfor hardwareimplementa-
tion andmuchfaster.

We startby projectingall the unit vectorsfor the samplingdi-
rections~di 2 D of theupperhemisphereover theshadingnormal
into thetangentplane,i.e. we dropthez coordinateof ~di in thelo-
cal coordinateframe.Thenwe �t anellipsecontainingasmany of
those2D pointsthat correspondto unshadowed directionsaspos-
sible, without containingtoo many shadowed directions. This el-
lipse is uniquelydeterminedby its (2D) centerpoint c, a direction
(ax ; ay )T describingthedirectionof themajoraxis(theminoraxis
is thensimply (� ay ; ax )T ), andtwo radii r 1 andr 2 , onefor the
extentalongeachaxis.

a
c

r2

r1

Figure6: For the shadow testwe precompute2D ellipsesat each
point of the height �eld, by �tting themto the projectionsof the
scatteringdirectionsinto thetangentplane.

For the �tting process,we begin with theellipserepresentedby
theeigenvectorsof thecovariancematrix of all pointscorrespond-
ing to unshadowed directions. We thenoptimize the radii with a
local optimizationmethod.As anoptimizationcriterionwe try to
maximizethenumberof light directionsinsidetheellipsewhile at
the sametime minimizing the numberof shadowed directionsin-
sideit.

Oncewe have computedthis ellipse for eachgrid point in the
height�eld, theshadow testis simple. Thelight direction~l is also
projectedinto the tangentplane,andit is checked whetherthe re-
sulting2D point is insidetheellipse(correspondingto alit point)or
not (correspondingto a shadowedpoint). This approachis similar
to the onedescribedby Max [19] usinghorizonmaps. Only here
the horizon map is replacedby a map of ellipses,eachuniquely
determinedby 6 parameters.

Both theprojectionandthein-ellipsetestcanmathematicallybe
expressedveryeasily. First, the2D coordinateslx andly have to be
transformedinto the coordinatesystemde�ned by the axesof the
ellipse:

l0
x := <

�
ax

ay

�
;
�

lx � cx

ly � cy

�
>; (2)

l0
y := <

�
� ay

ax

�
;
�

lx � cx

ly � cy

�
> (3)

Afterwards,thetest
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y )2

r 2
2

� 0 (4)

hasto beperformed.
To mapthesecomputationsto graphicshardware,we represent

thesix degreesof freedomfor theellipsesas2 RGBtextures.Then
the requiredoperationsto implementEquations2 through4 are
simpledot productsaswell asadditionsandmultiplications.Both
Westermannet al. [30] andHeidrich andSeidel[10] have shown
how suchoperationscan be implementedon graphicshardware.
This is possibleusingthe OpenGLimagingsubset[24], available



on most contemporaryworkstations,but also usingsomevendor
speci�c extensions,suchas the register combinerextensionfrom
NVIDIA [22]. Dependingon the exact graphicshardware avail-
able, the implementationdetailswill have to vary slightly. Thus,
they areomittedfrom this paper, andwe refertheinterestedreader
to our technicalreport[14].

5 Varying the Base Geometr y

So far we have only consideredthe casewherethe height �eld is
attachedto abasegeometryof a �x ed,previouslyknown curvature,
typicallyaplanarobject.However, if weplanto usethesameheight
�eld for different geometricobjects,the valleys in a height �eld
widenup or narrow down dependingon the local curvatureof the
object,andtheheight�eld canbelocally stretchedin anon-uniform
fashion.Thisaffectsboththecastingof shadows andthescattering
of indirectlight. For theshadows,it is obviousthatnarrowervalleys
will causemore regions to be shadowed, while in wider valleys
moreregionsarelit.

For the scatteringpart, the oppositeis true. For a point on the
bottomof a narrow valley, a largeproportionof thesolid angleis
coveredby otherportionsof theheight�eld, andthereforetheim-
pactof indirect light is strong.On theotherhand,in a wide valley,
mostof thelight will bere�ectedbackinto theenvironmentrather
thanremaininginsidetheheight�eld.

In thissectionwediscussadaptationsof thepreviouslydescribed
algorithmsanddatastructuresto thecasewherethebasegeometry
changes.To thisend,wewill assumethatthecurvatureof thisbase
geometryis small comparedto the featuresin the height �eld. It
is thena reasonableassumptionthat thevisibility doesnot change
as the surface is bent. This meansthat two points in the height
�eld thataremutuallyvisible for a planarbasegeometry, arealso
mutually visible in the curved case. Obviously, this assumption
breaksdown for extremecurvatures,but it generallyholdsfor small
ones.

First let usconsiderthedatastructuresandalgorithmsfor com-
puting scattered,indirect light. Sincewe have assumedthat no
extreme changesin visibility occur, the precomputedvisibility
datai.e. the texturesSi arestill valid asthe underlyinggeometry
changes.However, asdepictedin Figure7, someparametersof the
illumination change.Firstly, thereis no longera �x ed global di-
rection ~di correspondingto eachtexture Si . Rather, the direction
changesasaparameterof thecurvatureandof thedistancebetween
two mutuallyvisible points,andbecomesdifferentfor every point
on thesurface.Secondly, thenormal(andthereforetheanglesbe-
tweenthe normalandothervectors)changesasa function of the
sameparameters.

p

q

p q

Figure7: Thedirections~di changeonaper-pixel basisif theheight
�eld is appliedto a curvedbasegeometry. The rateof changede-
pendson thedistanceof two pointsfrom eachother.

Thesechangesremove the coherencethat we usedto mapthe
algorithmto graphicshardware,sincenow all directionsneedto be
computedfor eachindividualheight�eld point.Thisrequiresopera-
tionsthatarecurrentlynotpossiblewith graphicshardware.Onthe
otherhand,theabovementionedchangesarequiteeasyto account
for in asoftwarerenderer.

However, thereis a third changedueto thecurvature,which af-
fectsall our MonteCarloalgorithms.Thesetof directionsD used
to bea uniform samplingof thedirectionalspherefor thecaseof a
given, �x edbasegeometry. Now, whentheheight�eld is applied
to a geometrywith slightly changedcurvatureor a non-uniformly
scaledone,thedirectionschangeasmentionedabove. Therateof
changedependson thedistanceof thetwo mutuallyvisible points.
Therefore,thedirectionsdonot changeuniformly, and,asa conse-
quence,thesamplingof directionsis no longeruniform. In Monte
Carlo terms,this meansthat the importanceof the individual di-
rectionshaschanged,andthat this importancehasto betaken into
accountfor theMonteCarlo integration. Differentlight pathscan
nolongerbesummedupwith equalweight,but haveto beweighted
by theimportanceof therespective path.This importancehasto be
computedfor every individual point in theheight�eld.

This requiresus to develop an estimatefor the importanceof a
given sampledirection,which is explainedin the following. We
start by interpretingthe unit directionsdi 2 D for the original
geometryaspointson theunit sphere,andgeneratea triangulation
of these.Sincethesamplingof directionsis uniform in this planar
case,theareasof thetrianglefanssurroundingany directiondi will
beapproximatelythesamefor all di , seeFigure8.
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Figure8: Whena height�eld is appliedto a differentbasegeom-
etry, the importanceof the individual directionschanges,which is
indicatedby a changeof areaof thetriangulatedunit directionson
thesphere.

Now, if wegraduallybendtheunderlyingsurface,thepointscor-
respondingto the directionswill slowly move either towardsthe
horizonor towardsthezenith,dependingon thesignof thecurva-
ture we apply. Note that a changein visibility meansthat during
this movementthe trianglemeshfolds over at a given point. As
mentionedabove, we aregoingto ignorethis situation,andrestrict
ourselves to small curvatureswhich do not causesuchvisibility
changes.

In this case,the sole effect of the moving points on the unit
sphereis that the areasof the triangle fanssurroundingeachdi-
rectionchange(seeFigure8). This changeof areais an estimate
for the changein samplingrate,andthereforean estimatefor the
importanceof a particulardirectionin thecurvedcase.Thus,if we
apply a height �eld to a curved surface,we weight all light paths
by the relative areaof the trianglefan surroundingthe chosendi-
rection.

Now thatwehavedealtwith theadaptationof thescatteringdata
structures,we alsohave to take careof theshadowing. If we com-
putetheshadowsdirectlyfrom theSi , asdescribedatthebeginning
of Section4, thenno changesarerequired.However, if we areus-
ing the 2D ellipsesintroducedat the endof Section4, thenthese
ellipseshave to beadaptedto thelocal surfacecurvature.

Startingfrom the updatedscatteringdirectionsdi , we can�t a
differentellipse for eachpoint andeachsurfacecurvature. How-
ever, precomputingandstoringthis informationfor a lot of differ-
entcurvaturesis bothmemoryandtime consuming.We therefore
only precomputea total of � ve differentellipses: the original one
for zerocurvature,oneeachfor a slight positive anda slight nega-
tive curvaturein eachof theparametricdirections.Fromthis data
we canthengeneratea linearapproximationof thechangesof el-
lipseparametersunderany givencurvature.Again,thisonly works



reasonablyaslong asthe radii of curvaturearelargecomparedto
the height �eld features(i.e. as long as the curvaturesaresmall),
but for largecurvatureswe will run into visibility changesanyway.

6 Results

We have implementedtheapproachesdescribedin this paperboth
in software, and for two different kinds of graphicshardware.
Firstly, we usethe SGI Octane,which provides supportfor pixel
textures,but doesnot have advancedfeatureslike multi-texturing,
which would help us to reducethe numberof renderingpasses.
On this platformwe have implementedthePhongre�ection model
using the normal map approachdescribedby Heidrich and Sei-
del [10]. HeidrichandSeidelalsodescribewaysof incorporating
other re�ection modelsaswell asenvironmentmapsthroughthe
useof pixel textures.We have notmadeuseof theseresults.

Secondly, we have usedan NVIDIA GeForce 256 with DDR
RAM. Thisgraphicsboardsupportsmulti-texturingwith very �e x-
ible waysof combiningtheresultingcolorsfor eachfragment(via
NVIDIA 's registercombinerextension[22]). Thisallowsusto per-
form bumpmappingwith local illumination andthePhongmodel
in onepass,andhelpsusto ef�ciently implementtheshadow test.
However, theGeForcedoesnotsupportdependenttexturelookups,
sothatthescatteringhadto beimplementedessentiallyusingasoft-
wareversionof thepixel textureextension.

The�rst testswe have performedaredesignedto show whether
wecanuseprecomputedvisibility to consistentlyilluminategeom-
etry andbumpmaps,andalsoto simulateBRDFs.Figure9 shows
somecurvedgeometryto whichthetriangularheight�eld from Fig-
ure 2 hasbeenapplied. In this height �eld, the facespointing in
onedirectionarered,andthefacespointingin theotherarewhite.
Thetoprow of Figure9 shows theresultsof applyingthegeometry
asa displacementmap. On the left side,which doesnot include
scatteringbut shadowing andmasking,theseparationof thecolors
becomesapparent,sincethe top of the geometryis morereddish,
while the bottom is white. Due to color bleeding,the imagein-
cludingthescatteringtermon theright is morehomogeneous.The
bottomrow of the�gure shows thegeometrywith aBRDFthathas
beencomputedfrom thesameheight�eld usinggraphicshardware.
Boththeversionwith andtheonewithoutscatteringshow thesame
kind of behavior asthegeometry-basedrendering,which illustrates
thatourtechniquecanbeusedfor smoothtransitionsbetweenlevels
of detail.

Both for therenderingof thegeometry-basedimageandfor the
generationof theBRDF, we �rst hadto generatethevisibility data,
namelythetexturesSi andtheellipsedatastructuresfor theshad-
ows. Thetwo leftmostcolumnsof Table1 show thetimingsfor this
precomputationphaseanda numberof differentheight�elds. The
memoryrequirementsfor thedatastructuresarequite low: for the
scatteringin a 32 � 32 height�eld with 100 sampledirectionswe
generate100 two-componenttextureswith a sizeof 32 � 32 � 2
Bytes,whichamountsto lessthan2 MB of datafor thewholescat-
tering information. The shadowing datastructuresimply consists
of two three-componenttextures,yielding 32 � 32 � 6 = 6144
Bytes.

After the data structuresare precomputed,we can ef�ciently
compute images with scattering (100 samples) and shadow-
ing/maskingfrom themusingeithera softwareor a hardwareren-
derer. The timesfor computingthe scatteringtermsin the height
�eld arelistedin thethird andfourth columnof Table1.

Notethatthetimingsfor hardwarerenderingof small(32 � 32)
height�elds includingaone-timescatteringarewell below onesec-
ond. Thus,we cangenerateimagesof scatteredheight�elds at in-
teractiveframerates,althoughnotquitefastenoughfor applications
like games.

Figure 9: A comparisonof geometry(top) and BRDF (bottom).
Left side:without indirectlight, right side:with indirectlight.

HeightField Si Shadows SW HW
Triangles(32 � 32) 27 32 10 0.48
Bricks (128� 128) 1029 194 12 2.10
Bumps(32 � 32) 109 65 8 0.48

Table 1: Timings for precomputationand renderingof different
height�elds in seconds.

However, wecanusethehardwarealgorithmto computehigher-
dimensionaldatastructures,suchas light �elds [8, 18] and both
spacevariant and spaceinvariant BRDFs. For example,we can
generatea light �eld consistingof 32 � 32 imagesof a height�eld
includingscatteringtermsin just about6-8minutes.

As we move to BRDFs,a singleBRDF sampleis the average
radiancefrom awholeimageof theheight�eld. Thus,if we would
like to computea dense,regularmeshof samplesfor a BRDF, we
haveto computea4-dimensionalarrayof images,andthenaverage
the radianceof eachimage. The BTF [5], on the other hand,is
a 6-dimensionaldatastructureobtainedby omitting theaveraging
step,andstoringtheimagesdirectly. Theseoperationscanbecome
prohibitively expensive: evenfor relatively smallBRDFresolutions
suchas164 , this would take about7-8 hours. However, asother
researchershave pointedout before[3, 31], it is not necessaryto



computethis largenumberof independentsamples.SinceBRDFs
are typically smoothfunctions,it is suf�cient to computeseveral
hundredrandomsamples,andprojectthoseinto ahierarchicalbasis
suchassphericalharmonics.

Using our approach,this small numberof samplescanbe gen-
eratedwithin severalminutes.To further improve theperformance
slightly, wecancompletelygetrid of geometryfor thecomputation
of BRDF samples,andwork in texturespace.As describedin Sec-
tions3.2 and3.3, theMethodof DependentTestsalreadyoperates
in texture space. Only in the last step,whenwe want to display
theresult,we normallyhave to applythis textureto geometry. For
theBRDF computation,however, we areonly interestedin theav-
erageof the radiancesfor the visible surfacepoints. Therefore,if
we manageto solve the maskingproblemby someother means,
wedonothaveto usegeometryatall. Themaskingproblemcanbe
solvedby usingthesamedatastructuresasusedfor theshadow test,
only with theviewing directioninsteadof thelight direction. This
techniquewas�rst proposedby Cabraletal. [3] for theirmethodof
shadowing bumpmaps.

Figure10: Threebump-mappedspheres.Bottom left: with shad-
ows only. Top: with shadows andindirect light bouncingoff other
partsof thebumpmap.Bottomright: with additionalindirectlight
lookedup from anenvironmentmap.

Figure10 shows somemoreexamplesfor our technique.The
bottomleft sphereis renderedwith a bumpmapusingonly direct
light andourshadow test.Thetopsphereusesthesamebumpmap,
but alsoincludesindirect light re�ected from otherportionsof the
bump map up to a path lengthof 4. Finally, in the bottom right
sphere,wealsoincludeindirectilluminationfrom otherpartsof the
scene,which, in this case,is representedasan environmentmap,
similarly to the methoddescribedby Debevec [6]. This is imple-
mentedby queryingtheenvironmentmapevery time thevisibility
texturesSi indicatethatno intersectionoccurswith theheight�eld
for thegivendirection.

Figure11 demonstratesthe effect of differentcurvaturesof the
underlyinggeometry, that otherresearchershave neglectedso far.
Note that the red facesreceive only indirect illumination through
scatteringfrom the white faces. We can clearly seethe reduced
scatteringin the casewherethe curved basegeometrycausesthe
valleys to widen up, and at the sametime we can seethat more
regionsareshadowedfor this case.

Finally, Figures12 and13 show somemorecomplicatedexam-
ples. Figure 12 depictsa backyard scenein which every object
exceptfor the �oor andthe bin hasbeenbump-mapped.This im-
agetook16.2minutesto renderin aresolutionof 640� 400pixels.

Figure11: Changesof indirectlight andshadowsasthecurvatureof
thebasegeometrychanges.Notethattheredfacesareexclusively
illuminatedindirectlyvia thelight scatteredfrom thewhite faces.

Thescenehasbeenrenderedin softwarewith ourmethodsfor shad-
owing andscattering.Figure13 shows animageof a terrainmodel
renderedwith hardwareaccelerationandbumpshadowsin realtime
(� 20 fps. on aGeForce256).

7 Conc lusion

In this paper, we have describedan ef�cient methodfor illumi-
nating height �elds and bump mapsbasedon precomputedvisi-
bility information. The algorithm simulatesboth self shadowing
of the height �eld, as well as indirect illumination bouncingoff
height�eld facets.Thisallowsusto usegeometry, bumpmaps,and
BRDFsasdifferent levels of detail for a surfacestructure,andto
consistentlyilluminatethesethreerepresentations.

UsingtheMethodof DependentTests,which is a generalization
of MonteCarlotechniques,it is possibleto mapthesemethodsonto
graphicshardware. Thesetechniquesexploit the new bump map-
ping featuresof recentgraphicsboards,aswell asdependenttex-
turemapping,which is currentlyavailableonly on somehigh-end
systems,but will bea standardfeatureof thecommodityhardware
shippingat theendof theyear.

Both thesoftwareandthehardwareimplementationof ouralgo-
rithmscanbeusedto ef�ciently precomputeBRDFsandhigherdi-
mensionaldatastructuressuchasBTFsor shift-variantBRDFs.Fi-
nally, wearealsoableto approximatetheeffectsof differentcurva-
turesof theunderlyingbasegeometry, whichto someextentchange
shadowing andlight scatteringin a height�eld, andthereforealso
affectsrepresentationslike the BRDF. This is the �rst time in the
literaturethattheseeffectsaresimulated.

Thereis a potential for extendingthe techniquesdescribedin
this paperin several ways. First of all, we would like to be able
to dealwith othergeometrythanheight�elds, sincematerialssuch
ascloth andporousmaterialscannotbe representedin this form.
In principle it shouldbeeasyto extendour algorithmsto arbitrary
geometry, however. In orderto utilize graphicshardware,we have
to �nd anappropriate2D parameterizationfor theobjectsothatall
surfacepointscanberepresentedin a texture. Thenext stepcould
thenbeto extendthemethodto participatingmedia,for exampleto
simulatesub-surfacescattering.It would alsobe interestingto ex-
plorewhetherit is usefulto apply thedevelopedmethodsto com-
puteglobal illumination in macroscopicscenesalong the lines of
thetransilluminationmethod[29].

Finally, a hierarchicalversionof theMethodof DependentTests
has recently been introducedby Heinrich [11] and Keller [17].
Heinrich proved that this methodis optimal for a certainclassof
functionsful�lling somesmoothnesscriteria,andKeller extended
thiswork to otherclassesof functions.It wouldbeinterestingto see
if theseresultscanbeutilized to further improve theperformance
of ouralgorithm.
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Figure12: A morecomplex scenewhereall surfacesarebumpmapped,includingshadowing andindirectlight.

Figure13: A terrainmodelwith bumpmapshadowing renderedin realtimewith graphicshardware.


